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Background: Hawkes Process and Risk Models

Hawkes Process: Counting Process

The Hawkes process introduced by Hawkes (1971) is a simple
point process that can model a sequence of arrivals over time,
e.g. trade orders, bank defaults or incoming claims.
The counting process N(t) refers to the number of arrivals over
time, and the corresponding point process (t1, t2, ...) refers to the
arrival times (thus the "jumps" of N (t)).
Consider a counting process (N (t) : t ≥ 0) with history
(H(t) : t ≥ 0) that satises:
P(N (t + h) − N (t) = m|H(t)) =


∗ (t)h + o(h),

λ






o(h)
1 − λ∗(t)h + o(h),

m=1
m>1
m=0

Hawkes Process: Counting Process

Hawkes Process: Conditional Intensity Function

The Hawkes process has self-exciting property, clustering eect
and long memory. This is reected in the conditional intensity
function:
λ∗(t) = λ +

Zt

µ(t − s)dN (s)

0

where λ > 0 is the background intensity and µ > 0 is the excitation function describing how much the intensity is aected by
past jumps.
Using the observed sequence of arrival times (t1, t2, · · · , tk ) up to
time t, the conditional intensity can be written as:
λ∗(t) = λ +

X
ti <t

µ(t − ti)

Hawkes Process: Conditional Intensity Function
Platzhalter

Exponential Hawkes Process: Denition

We now choose an excitation function, namely the most commonly used exponential decay µ(t) = αe−βt.
Thus, from now on our conditional intensity function will be:
λ∗(t) = λ + α

X
ti <t

e−β(t−ti)

Thus, each arrival makes the intensity immediately jump up by
α and over time the impact of the arrival decays exponentially
at rate β .

Exponential Hawkes Process: Properties

Da Fonseca / Zaatour (2014) derive the following propositions:

Proposition 1 Given an exponential Hawkes process
(λ∗(t), N (t)),

X(t) =

the long-run expected value of the number of jumps
during an interval of length τ is given by:
λ
τ = lim E[λ∗(t)]τ
lim E[N (t + τ ) − N (t)] =
t→∞
t→∞
1 − α/β

(1)

V (τ ) = lim E[(N (t + τ ) − N (t))2] − E[N (t + τ ) − N (t)]2

(2)

The variance is given by:
t→∞

λ
1
1
(1 − e−τ (β−α))
2
2
=
(τ (
) + (1 − (
) )
)
1 − α/β
1 − α/β
1 − α/β
β−α

(3)

Exponential Hawkes Process: Properties
Proposition 2 A direct consequence from the last result is the

autocorrelation function of the number of jumps over intervals
of length τ separated by a time lag of δ:
e−2βτ (eατ − eβτ )2α(α − 2β)
Acf (τ, δ) =
e(α−β)δ
2(α(α − 2β)(e(α−β)τ − 1) + β 2τ (α − β))

(4)

Note that this expression is always positive for α < β (stationarity
condition) and it is exponentially decaying with the lag δ.

Exponential Hawkes Process: Simulation

There are dierent methods to simulate a Hawkes Process. We
elect to use the modied thinning algorithm introduced in Ogata
(1981) and described again in Laub et al. (2015).
The original thinning algorithm was used by Lewis et al. (1979)
to simulate a non-homogeneous Poisson process with time-dependent
rate λ(t) by generating a homogeneous Poisson process with rate
M > λ(·) and probabilistically removing points so that the remaining points satisfy the intensity λ(t).
An analogous approach that requires updating the upper bound
M during the simulation can be used to simulate a Hawkes process.

Exponential Hawkes Process: Parameter Estimation

Given a set of arrival times (t1, t2, · · · , tk ) assumed to come from
a Hawkes process, we would like to generate parameter estimates
(λ̂, α̂, β̂) by the method of maximum likelihood estimation.
Results from Daley, Vere-Jones (2003) and Laub (2015) give
that the log-likelihood of a Hawkes process with exponentially
decaying intensity is given by
k
X

where

k
α X
l=
log(λ + αA(i)) − λtk +
[e−β(tk −ti) − 1]
β i=1
i=1




0
P −β(t −t )
A(i) = i−1
i j = e−β(ti −ti−1 ) (1 + A(i − 1))

e


j=1

(5)

i=1
i ∈ {2, · · · , k}

Exponential Hawkes Process: Parameter Estimation

In general, the maximum likelihood estimation will be very effective and its consistency, asymptotic normality and eciency
were proved in Ogata (1978).
However, for real datasets there are several signicant challenges
such as bias for small sample sizes, high number of local optima
and O(k) complexity for large sample sizes which made Filiminov
et al. (2013) state that
"Our overall conclusion is that calibrating the Hawkes process
is akin to an excursion within a mineeld
that requires expert and careful testing before any conclusive
step can be taken."

Exponential Hawkes Process: Goodness of Model Fit

The next important step is assessing the goodness of t of the
Hawkes process model for real data.
An essential result here is the following (e.g. Brown et al.
(2002)).

Theorem 1 (Random Time Change Theorem) Let {t1, t2, · · · , tk}

be a realisation over time [0, T ] from a point process with conditional intensity function λ∗(·). If λ∗(·) is positive over [0, T ]
and Λ(T ) < ∞ a.s. then the transformed points {t∗1, · · · , t∗k } =
{Λ(t1), · · · , Λ(tk )} form a Poisson process with unit rate. Λ(t) =
Rt ∗
λ (s)ds is called the compensator of the counting process N (t).

0

We transform the original timepoints and then perform standard tness tests for a unit rate Poisson process.
→

The Cramer-Lundberg Model

The classical risk model was introduced in 1903 by Filip Lundberg and has the form
R(t) = u + ct −

Nt
X
i=1

Yi

where u denotes the initial capital, c denotes the (continuous)
premium rate and the number of claims in the interval [0, t) is a
homogeneous Poisson process Nt with rate λ.
The claims Yi are i.i.d. positive random variables with distribution function G and mean µG independent of (Nt).

The Cramer-Lundberg Model - Computations

Quantities of interest that have been extensively studied are
Ruin time: τ = inf{t > 0 : R(t) < 0} where inf ∅ = ∞
Probability of ruin in [0, t):
Φ(u, t) = P (τ ≤ t|R(0) = u) = P ( inf R(s) < 0)

Probability of ultimate ruin:

0<s≤t

Φ(u) = lim Φ(u, t) = P (inf R(t) < 0)
t→∞

t>0

Net Prot Condition:
When is the mean income strictly larger than the mean outow?
General answer: c > λµG
Premium Principle:
How should the premium be set against the insurance risk?
One option: Expected Value Principle: c = (1 + θ)λµG
where θ is the safety loading

The Cramer-Lundberg Model - Extensions
Several extensions have been proposed:

•
•

Sparre-Andersen model / renewal risk model (1957)
Risk models using a Cox process (with Poisson shot noise)
accounting for exogenously caused jumps ("shocks", environmental factors) (e.g. Albrecher et al. (2006). Ruin probabilities and aggregrate claims distributions for shot noise
Cox processes.)

Previous work: Risk Model with Hawkes Process
•

•

•

•
•

Stabile et al. (2010). Risk Processes with Non-stationary
Hawkes Claims Arrivals.
Zhu (2013). Ruin probabilities for risk processes with nonstationary arrivals and subexponential claims.
Dassios and Jang (2012). A bivariate shot noise self-exciting
process for insurance.
Dassios and Zhao (2012). Ruin by Dynamic Contagion Claims.
Cheng et al. (2018). Gaussian Approximation of a Risk
Model with Stationary Hawkes Arrivals of Claims.

RMGCHP: Denition and Implementation with Real Data

Risk Model Based On General Compound Hawkes Process
(RMGCHP)

As a generalisation of the classical risk model, Swishchuk (2017)
proposes a risk model with general compound Hawkes process
(RMGCHP):
R(t) = u + ct −

Nt
X
k=1

a(Xk )

(6)

where u denotes the initial capital, c denotes the (continuous)
premium rate and the number of claims in the interval [0, t) is a
Hawkes process Nt.
The claim sizes Xk follow a continuous-time Markov chain on
state space X = {1, ..., n} independent of Nt and a(x) is a continuous and bounded function on X .

Empirical Data: Description
•

•

Dataset: claim occurrences from the class of legal expenses
insurance (insurance covering the costs of a legal disputes,
e.g. lawyer expenses)
Often when a legal dispute occurs and is reported, multiple payments from (or triggered by) this case have to be
expected in the subsequent time period (e.g. multiple "receivables" from lawyers and consultants, an appeal of the
court case etc.).

a Hawkes process might be suitable to model claim arrivals
for this class of insurance claims
→

Empirical Data: Claim Arrivals

The dataset presented here consists of claim payment times from
01 January 2010 to 28 July 2016.
text

Empirical Data: Claim Arrivals

1) Test whether claim payment arrivals can be described by a
memoryless Poisson distribution (as in the classical model):
text

Empirical Data: Claim Arrivals

2) Fit a Hawkes process to the arrival process, resulting in the
following parameter estimates:
Parameter ML Estimate
λ
0.1467
α
0.026
β
0.0334
E[N (0, 1]]
0.6621
\
E[N
0.6483
(0, 1]]
Note: The expected number of arrivals per unit interval is estimated quite accurately.

Empirical Data: Claim Arrivals

3) Test goodness of t of the Hawkes model by plotting transformed interarrival times against a unit Exponential distribution:

Empirical Data: Claim Arrivals

3) Look for autocorrelation in the sequence of transformed interarrival times:

Empirical Data: Claim Arrivals

3) Compare variance of number of jumps on intervals of dierent
length using formulas from Da Fonseca / Zaatour (2014) with
corresponding empirical values.
Interval length (days) Variance (theo.) Variance (emp.)
7
6.9208
6.9995
14
18.2587
19.0570
21
33.7908
36.1109
28
53.3054
58.3725
35
76.6013
81.7779
42
103.4878
112.5545
49
133.7836
152.2974
56
167.3165
191.2224
63
203.9232
207.0156
70
243.4485
265.7647

Empirical Data: Claim Arrivals

Compare autocorrelation of number of jumps on intervals of different length using formulas from Da Fonseca / Zaatour (2014)
with corresponding empirical values.

Empirical Data: Claim Sizes
•

•

The RMGCHP from Swishchuk (2017) assumes claim sizes
follow a nite number of xed jump sizes governed by the
evolution of a Markov Chain.
In insurance literature, the claim sizes Yi are usually supposed
to be i.i.d. with distribution G having nite rst two moments
E[Y1] = m1 and E[Y12] = m2.
text
→ We "reinterpret" the Markov Chain {Xi} and a(x) from
(6) to model claim sizes approximating an i.i.d. sequence
with the empirical c.d.f. of observed claim sizes.
The approximation can be made arbitrarily well by increasing
the number of Markov Chain states.

Empirical Data: Claim Sizes

Let F̂ be the empirical distribution function of the claimsizes
and let B be the maximum claimsize we have observed (thus
F̂ (B) = 1). We set equidistant boundaries (b1, b2, · · · , bN = B)
and dene as π∗ = (π1∗ , · · · , πN∗ ) as
π1∗ = F̂ (b1)
π2∗ = F̂ (b2) − π1∗
···
∗ = F̂ (b ) −
πN
N

NX
−1
i=1

πi∗ = 1 −

NX
−1
i=1

πi∗

Empirical Data: Claim Sizes
text

Empirical Data: Claim Sizes

Now let (Xk ) be a Markov Chain on S = {1, · · · , N } with transition matrix


∗
π1∗ π2∗ · · · πN


P = · · · · · · · · · · · · 
∗
π1∗ π2∗ · · · πN

Then, (Xk ) is actually an i.i.d. sequence (as the columns of
are constant) and has stationary distribution π∗.

P

Empirical Data: Claim Sizes
Now let Y be a r.v. with c.d.f.

F̂

and set

1

1

E[Y Ak ]
E[Y Ak ]
a(k) = E[Y |bk−1 < Y ≤ bk ] =: E[Y |Ak ] =
=
P(Ak )
πk∗

Then

a∗ =

N
X
k=1

πk∗a(k) =

N
X

1

E[Y Ak ] = E[Y ]

k=1

and a(Xk ) describes an i.i.d. sequence that approximates the
distribution F̂ arbitrarily close as we let N → ∞.

Empirical Data: Claim Sizes

Compare the c.d.f. of empirical claims with its counterpart from
claims generated by the Markov Chain approach with 50 states:
text

Empirical Data: Risk Process

To simulate the risk model from (6), we need to estimate values
for the initial capital u and the premium rate c.
We use the following result by Swishchuk (2017):

Theorem 2 (Law of Large Numbers) Let R(t) be the risk model
dened in (6), and let Xi be a Markov Chain with state space
∗ . We suppose that 0 < µ̂ =
X and stationary probabilities πn
∞
R
µ(s)ds < 1. Then
0

R(t)
λ
= c − a∗
t→∞ t
1 − µ̂
lim

where

P
∗
a(i)πi∗
a =
i∈X

(7)

Corollary 1 (Premium Principle)
c = (1 + θ)a∗

where θ is the safety loading.

λ
1 − µ̂

(8)

Assuming a safety loading of θ = 0.2, we obtain
c = (1 + θ)a∗

λ
= 633.5552
1 − α/β

(9)

We set the initial capital as u = 8000, however u is best thought
of as a variable - i.e. how much initial capital has to be provided
in order for the ruin probability over a certain period to be below
a given bound.

Empirical Data: Risk Process

We generate L = 250 simulations of a risk process with parameters given above and compare the rst 50 paths to the empirical
risk process below. text

RMGCHP: Diusion Approximations and Ruin
Probabilities

RMGCHP: Diusion Approximations and Ruin Probabilities

The rst diusion approximation relies on the following Functional Central Limit Theorem (Swishchuk (2017)):

Theorem 3 (FCLT 1, Jump Diusion Approximation) Let R(t)
be the risk model dened in (6), and Xk be an ergodic Markov
Chain with stationary probabilities πn∗ . We suppose that 0 < µ̂ =
∞
∞
R
R
µ(s)ds < 1 and sµ(s)ds < ∞. Then:
0

0

R(t) − (ct − a∗N (t)) D
√
lim
= σΦ(0, 1)
t→∞
t

(or in Skorokhod topology (see Skorokhod (1965))):
R(nt) − (cnt − a∗N (nt)) D
= σW (t)
lim
√
n→∞
n

(10)

where Φ(·, ·) is the std. Normal cdf and W(t) is a std. Wiener
process.
σ := σ ∗

q

λ/(1 − µ̂), (σ ∗)2 :=

X

πi∗ν(i)

i∈X

a∗ :=

X

πi∗a(i), b(i) := a∗ − a(i)

i∈X

νi := b(i)2 +

X

(g(j) − g(i))2P (i, j)

j∈X

− 2b(i)

X

(g(j) − g(i))P (i, j)

j∈X
g := (P + Π∗ − I)−1(b(1), ..., b(n))T

where P is the transition matrix for
stationary probabilities of P .

Xk

and

Π∗

is the matrix of

RMGCHP: Diusion Approximations and Ruin Probabilities

The FCLT allows us to approximate the risk process R(t) by the
jump diusion process
R(t) ≈ u + ct − N (t)m1 + σW (t)
λ σ ∗ , N (t) is a Hawkes process and W (t) is a
where σ = 1−α/β
standard Wiener process.
For a Poisson process with i.i.d. claims (classical model), the
analogous approximation would be

r

R(t) ≈ u + ct − N (t)m1 + σW (t)
√

where σ = λP V ar[X1], N (t) is a Poisson process and W (t) is
a standard Wiener process.
q

RMGCHP: Diusion Approximations and Ruin Probabilities

To assess the goodness of the jump diusion approximation,√we
compare the standard deviation of the RHS multiplied by n,
that is
s
√ √ ∗
n tσ

λ
1 − α/β

to the counterpart on the LHS, that is the standard deviation of
R(nt) − (cnt − a∗N (nt)) = u −

NX
(nt)
k=1

(a(Xk ) − a∗)

RMGCHP: Diusion Approximations and Ruin Probabilities

RMGCHP: Diusion Approximations and Ruin Probabilities

The second diusion approximation relies on the following Functional Central Limit Theorem

Theorem 4 (FCLT 2, Pure Diusion Approximation) Let R(t)

be the risk model dened in (6), and Xk be an ergodic Markov
Chain with stationary probabilities πn∗ . We suppose that 0 < µ̂ =
∞
∞
R
R
µ(s)ds < 1 and sµ(s)ds < ∞. Then:
0

0

λ t)
R(t) − (ct − a∗ 1−α/β
D
√
lim
= σ̄Φ(0, 1)
t→∞
t

(or in Skorokhod topology (see Skorokhod (1965))):
λ nt)
R(nt) − (cnt − a∗ 1−α/β
D
= σ̄W (t)
lim
√
n→∞
n

(11)

where Φ(·, ·) is the std. Normal cdf and W(t) is a std. Wiener
process
s and r
σ̄ =

λ
2
σ 2 + (a∗ (1−α/β)
3)

RMGCHP: Diusion Approximations and Ruin Probabilities

The FCLT allows us to approximate the risk process R(t) by the
pure diusion process
R(t) ≈ u + ct − m1

λ
t + σ̄W (t)
1 − α/β

λ (σ ∗ )2 + (a∗ )2 λ
1
where σ̄ = 1−α/β
and W (t) is a stan1−α/β (1−α/β)2
dard Wiener process.
For a Poisson process with i.i.d. claims (classical model), the
analogous approximation would be

r

R(t) ≈ u + ct − λP tm1 + σ̄ P W (t)

where
and W (t) is a standard Wiener process.
σ̄ P =

q

λP V ar[X1] + E[X1]2λP =

√
2
λP E[X1 ] =: λP m2

q

RMGCHP: Diusion Approximations and Ruin Probabilities
Analogously to above, we assess the approximation by comparing
√
the standard deviations on the LHS and RHS, multiplied by n.

RMGCHP: Diusion Approximations and Ruin Probabilities

Note that the approximation error here is large, due to β − α ≈ 0
for the dataset. In fact, we can calculate it by considering the
variance of the jump diusion:
V ar[R(t)] = (a∗)2V ar[N (t)] + σ 2t
= ···

−t(β−α)
λ
1
1
−
e
(1 − (
)2)(
)
= t(σ2H )2 + (a∗)2
1 − α/β
1 − α/β
β−α
=: t(σ2H )2 + (∗∗)

RMGCHP: Diusion Approximations and Ruin Probabilities
Taking this error
deviation yields:

(∗∗)

into account for the theoretical standard

RMGCHP: Diusion Approximations and Ruin Probabilities

Using the pure diusion approximation, we can use well-known
formulas for ruin probabilities of diusion processes to get closedform solutions for the ruin probabilities.

Theorem 5 (Finite horizon ruin probability) The ruin probability in the interval
given by

(0, τ ]

for a risk model as in Theorem 4 is

u + (c − a∗λ/(1 − µ̂))τ
Ψ(u, τ ) = Φ(−
)
√
σ̄ τ
∗ λ/(1 − µ̂))τ
2(c−a∗ λ/(1−µ̂))
u
−
(c
−
a
−
u
σ̄ 2
)
+e
Φ(−
√
σ̄ τ

(12)

RMGCHP: Diusion Approximations and Ruin Probabilities
Corollary 2 (Ultimate ruin probability) The ultimate ruin prob-

ability for a risk model as in Theorem 4 is given by
−

Ψ(u) = e

2(c−a∗ λ/(1−µ̂))
u
σ̄ 2

(13)

RMGCHP: Diusion Approximations and Ruin Probabilities
Theoretical ruin probabilities against simulated values (L = 500)
from pure diusion process:

Application: Optimal Investment for Insurance Company

Optimal Investment for Insurance Company
•

•

•

Li et al. (2007) study mean-variance portfolio selection with
multiple risky assets and one liability in an incomplete market.
We approximate the risk process by the pure diusion approximation and regard it as the company's liability.
We work in a mean-variance framework, thus the goal is to
maximize the expected terminal wealth while minimizing its
variance.

Optimal Investment for Insurance Company
One riskfree asset:

dSt0 = rtSt0dt, textS00 = 1,

text
m risky assets:
dSti = µitStidt + σtiStidWt, textS0i = si ∈ R
i = 1, · · · , m

text
where Wt := (Wt1, · · · , Wtn)T is a n-dim. standard Wiener process
and n ≥ m.

Optimal Investment for Insurance Company
One liability:

dLt = utdt + νtdBt, textL0 = l,

text
The liability and the risky assets are not generally independent,
let ρjt be the correlation coecient between Bt and Wtj for
j = 1, · · · , n. Then
q

T ρ dW 0 , textL = l
dLt = utdt + νtρT
dW
+
ν
1
−
ρ
t
t
0
t
t t
t

text
where Wt0, Wt1, · · · , Wtn are standard Brownian motions and
ρT
t ρt ≤ 1 for all t ∈ [0, T ].

Optimal Investment for Insurance Company

Let Xt be the net wealth of the company at time t, then clearly
Xt evolves according to
dXt =

m
X

θtidSti − dLt, textX0 = x > 0.

i=0

or equivalently

dXt = (rtXt + (µt − rt1)T πt − ut)dt + (πtT σt − (νtρt)T )dWt
q

0
ρ
dW
text − νt 1 − ρT
t
t
t

X0 = x.

Optimal Investment for Insurance Company

A strategy π ∈ A(x) is considered optimal if it solves the optimization problem
P (λ)te min t(−E[XT ] + λV ar[XT ])
π∈A(x)

where A(x) is the set of admissible trading strategies for initial
wealth x.

Optimal Investment for Insurance Company
•

•

•

Li et al. (2007) derive the optimal feedback control for P (λ)
(optimal strategy) and the mean-variance ecient frontier
using general stochastic LQ optimal control theory.
We would like to apply their results to see how the meanvariance ecient frontier and the optimal strategy of an insurance company changes when claims arrive according to a
Hawkes process instead of a homogeneous Poisson process.
We compare claim arrival processes with the same expected
number of arrivals on any interval in order to compare the
dierence in risk arising from the variance of the number of
arrivals.

Optimal Investment for Insurance Company
text
Comparison of Hawkes and Poisson process:
Process Parameters
Poisson
λP
Hawkes
λ, α, β

E[N (0, t)]
λP t
λ
t
1−α/β

V ar[N (0, t)]
λP t
1
λ
(t(
)2
1−α/β
1−α/β

−t(β−α)

1
( 1−α/β
)2 ) (1−e
β−α

Parameters for the liability side:
Process
Poisson
Hawkes 1
Hawkes 2

λP
2.5
−
−

(λ, α, β)
−
(1.25, 0.5, 1)
(0.75, 0.7, 1)

E[N (0, 1)]
2.5
2.5
2.5

Parameters for the asset side:
Parameter
Value

n
2

m
1

T
1

x
10

r
0.06

µ
0.12

+
)

(1

−

)

V ar[N (0, 1)]
2.5
4.098
5.939

σ = (σ 1 , σ 2 )
(0.15, 0.25)

ut
−0.25
−0.25
−0.25

ρ = (ρ1 , ρ2 )T
(0.65, 0.10)T

νt = σ̄
1.369
1.936
2.863

Optimal Investment for Insurance Company

Optimal Investment for Insurance Company

Optimal Investment for Insurance Company

Optimal initial investment in riskfree and risky asset for a given
expected return level of 15%, i.e. E[XT∗ ] = 11.5.
text
Process π00,∗(10) (riskfree asset) π0∗ (10) (risky asset)
Poisson
−0.02013
10.02013
Hawkes 1
−0.02725
10.02725
Hawkes 2
−0.03887
10.03887

Optimal Investment for Insurance Company

Optimal investment in risky asset over time for a given expected
return level of 15%, i.e. E[XT∗ ] = 11.5.
text

Next Steps

Next Steps
•
•
•
•

Hawkes Process with dierent excitation function
Marked Hawkes Processes
Markov-Modulated Claim Size Distributions
Suggestions?
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