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The temporal variability of ecological communities may depend on species richness and composition due to a variety of
statistical and ecological mechanisms. However, ecologists currently lack a general, uniﬁed theoretical framework within
which to compare the eﬀects of these mechanisms. Developing such a framework is diﬃcult because community variability
depends not just on how species vary, but also how they covary, making it unclear how to isolate the contributions of individual species to community variability. Here I develop such a theoretical framework using the multi-level Price equation,
originally developed in evolutionary biology to partition the eﬀects of group selection and individual selection. I show how
the variability of a community can be related to the properties of the individual species comprising it, just as the properties of an evolving group can be related to the properties of the individual organisms comprising it. I show that eﬀects of
species loss on community variability can be partitioned into eﬀects of species richness (random loss of species), eﬀects of
species composition (non-random loss of species with respect to their variances and covariances), and eﬀects of context
dependence (post-loss changes in species’ variances and covariances). I illustrate the application of this framework using
data from the Biodiversity II experiment, and show that it leads to new conceptual and empirical insights. For instance,
eﬀects of species richness on community variability necessarily occur, but often are swamped by other eﬀects, particularly
context dependence.

All ecological systems ﬂuctuate over time. Understanding
the causes and consequences of this temporal variability
is a fundamental goal of ecology. At the community level,
variability can be measured as ﬂuctuations in the total
biomass or abundance of all species, or in an assemblage of
similar species (Cottingham et al. 2001). Community variability is of fundamental interest as an index of community
stability (Petchey et al. 2002, Steiner et al. 2005), and of
applied interest as an indicator of ecosystem stress and the
near-term potential for regime shifts (Cottingham et al.
2000, Carpenter and Brock 2006).
Theoretical models identify mechanisms linking community variability to species richness, and numerous empirical studies have tested for these mechanisms (Cottingham
et al. 2001, Petchey et al. 2002, Valone and Hoﬀman 2003,
Gonzalez and Descamps-Julien 2004, Lepš 2004, Caldeira
et al. 2005, Steiner 2005, Steiner et al. 2005, Romanuk
et al. 2006, Vogt et al. 2006, van Ruijven and Berendse 2007,
Jiang et al. 2009, Leary and Petchey 2010). But ecologists
currently lack a uniﬁed framework within which to compare
these mechanisms.
Studies of community variability also have lacked a
way to distinguish eﬀects of species richness from eﬀects
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of species composition. Separating the eﬀects of species
richness from those of species composition has been a
central concern in studies of biodiversity and ecosystem
function (Hooper et al. 2005, Fox 2006). Community
variability is an ecosystem function in the sense that it is
a collective property of the species comprising the community. However, studies of community variability have
focused on eﬀects of species richness, not species composition (Lehman and Tilman 2000, Cottingham et al. 2001).
Some experimental studies of community variability have
statistically separated eﬀects of species richness and composition (Steiner et al. 2005). However, because the required
experimental designs often are impractical, there is a need
for a way to partition the eﬀects of species richness and
composition on community variability in a broader range
of settings.
Recently, Fox (2006) developed a method, the Price equation partition, describing how species loss aﬀects any ecosystem function comprising the summed contributions of
individual species (e.g. primary productivity is the summed
productivity of all plant species). The method is based on
the Price equation, originally developed in evolutionary biology to partition the causes of evolutionary change between
parental and oﬀspring populations (Price 1970, 1972, Frank
1997). The Price equation partition uses knowledge of the
functional contributions of individual species before versus
after a species loss event to partition the eﬀects of species
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loss on ecosystem function. Species loss aﬀects ecosystem
function in three ways: via random loss of species richness,
non-random loss of high- or low-functioning species, and
post-loss changes in the functioning of the remaining species
(Fox 2006). All the ecological mechanisms by which species
loss aﬀects ecosystem function must do so via one or more
of these three eﬀects. The Price equation partition is not
itself mechanistic, but rather provides a uniﬁed framework
in which to compare the eﬀects of underlying mechanisms
on ecosystem function (Fox 2006).
However, it is unclear how to apply the Price equation
partition to community variability. Community variability
depends in part on species’ covariances. By deﬁnition, a covariance is a joint property of a pair of species, not a property
of an individual species. It is therefore unclear how to deﬁne
the contribution of an individual species to community variability. Community variability appears to be an ‘emergent’
property of a community, to which individual species do not
make separable contributions.
Here, I show how to extend the Price equation partition of
Fox (2006) to partition the eﬀects of species loss on community
variability. The extension makes use of the multi-level Price
equation, previously used in evolutionary biology to partition the evolutionary eﬀects of group selection from those
of individual selection (Price 1972, Okasha 2004, 2006).
I show how the variability of a community is not an ‘emergent’ property, but rather can be related to the properties of
the individual species comprising it, just as the properties
of an evolving group can be related to the properties of the
individual organisms comprising it. I illustrate the application of this approach using published data on species loss
and community stability, and show that this approach yields
novel insights.
Applying multi-level selection theory
to community variability
The simplest measure of community variability is the temporal variance of the total abundance or biomass of the species
comprising the community. The variance V of the sum of
s random variables, such as the biomasses of s species, equals
the sum of the elements of their variance-covariance matrix,
which can be written as
V ⫽ var ⎛ ∑ Bi ⎞ ⫽ ∑ var(Bi )⫹ ∑ ∑ cov(Bi , Bj )
⎝ i⫽1 ⎠ i⫽1
i⫽1 j⫽i
s

s
s
V ′ ⫽ var ⎛ ∑ w i Bi′ ⎞ ⫽ ∑ w i var(Bi′ )
⎝ i⫽1
⎠ i⫽1
s

⫹ ∑ ∑ w i w j cov(B′i , B′j )

(2)

i⫽1 j⫽i

where primes denote attributes of the post-loss community and the species comprising it. The variable w keeps
track of which species were lost, ensuring that lost species
do not contribute to the sums on the right-hand side of
Eq. 2. The variable wi ⫽ 0 if species i is lost and 1 if it
persists, and wj ⫽ 0 if species j is lost and 1 if it persists.
The diﬀerence in variability between the two communities is given by
⎡ s

s

⎤

⎣ i⫽1

i⫽1

⎦

V ′ ⫺ V ⫽ ⎢⎢ ∑ w i var(B′i ) ⫺ ∑ var(Bi )⎥⎥
⎡ s
⫹ ⎢⎢ ∑ ∑ w i w j
⎢⎣ i⫽1 j⫽i

⎤
s
cov(B′i , B′j ) ⫺ ∑ ∑ cov(Bi , Bj )⎥⎥ (3)
i⫽1 j⫽i

⎥⎦

s

s

(1)

where Bi is the biomass of species i, Bj is the biomass of
species j ≠ i, var is the variance operator, and cov is the covariance operator (Cottingham et al. 2001). Indices i and j
range from 1,...,s, where s is the species richness of the
community. Note that, because cov(Bi,Bj)⫽ cov(Bi, Bj), the
second term on the right-hand side of Eq. 1 is sometimes
⎡ s i⫺1

⎤

⎢⎣ i⫽1 j⫽1

⎥⎦

⎢
⎥
written as 2 ⎢ ∑ ∑ cov(Bi , Bj )⎥ . Many workers prefer to

scale community variability relative to total biomass (Doak
et al. 1998, Lehman and Tilman 2000, Cottingham et al.
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2001). I ﬁrst analyze the eﬀects of species loss on Eq. 1,
and then describe how to extend the analysis to incorporate
scaling by total biomass.
To analyze the eﬀects of species loss, assume that Eq. 1
gives the variability of a ‘pre-loss’ community. After species loss, the post-loss community will comprise a strict
subset of the species comprising the pre-loss community.
Throughout the paper, I use the terms ‘pre-loss’ and ‘postloss’ purely for concreteness. My approach assumes only that
one community comprises, for whatever reason, a strictly
nested subset of the species in the other. The two communities may be separated in space, time, or both. The assumption of strict nestedness is inherited from the original Price
equation (Price 1972, 1995). Recently, Kerr and GodfreySmith (2009) have shown how to relax the assumption of
strict nestedness, so that the Price equation can be applied
to any two communities sharing at least one species in
common. I retain the assumption of strict nestedness for
the sake of simplicity, but it is straightforward to extend
the approach developed below using the results of Kerr and
Godfrey-Smith (2009).
The variability of the post-loss community is

Equation 3 expresses the diﬀerence between pre- and postloss community variability as the diﬀerence between the
pre- and post-loss summed variances plus the diﬀerence
between the pre- and post-loss summed covariances. Our
goal is to partition the eﬀects of species loss on both of
these terms.
Fox (2006) shows that the diﬀerence in summed variances
equals
s

s

i⫽1

i⫽1

′
∑ w i var(B i )⫺ ∑ var(Bi )
s

⫽ var(B)ΔS ⫹ Sp(w, var(B)) ⫹ ∑ w i Δ var(Bi )
i⫽1

(4)

where overbars denote unweighted averages across all s species
s
1 s
(e.g. var(B) ⫽ s ∑ var(B) ), Δs ⫽ s′⫺s where s⬘ ⫽ ∑ w i is
i=1
i⫽1

for the summed covariance, because covariances are joint
properties of pairs of species. However, the sanalogy remains
valid. The pre-loss summed covariance ∑ ∑ cov(Bi , Bj )

post-loss species richness, Sp denotes the sum of products
s

is a double sum, but it can be rewritten as a single sum:

(i.e. Sp(w, var(B)) ⫽ ∑ (w i ⫺ w)(var(Bi )⫺ var(B)) ), and
i⫽1

∑ ⎢⎢ ∑ cov(Bi , Bj )⎥⎥ . In doing so, we treat the sum of the oﬀ-

Δ var(Bi ) ⫽ var(B⬘i )⫺ var(Bi ) . Equation 4 partitions the
diﬀerence in summed variances into three additive terms.
The ﬁrst term,var(B)Δs , is the species richness eﬀect (SRE).
This is the portion of the diﬀerence in the summed variances
attributable to random loss of species richness, independent
of the identity of the lost species. It is the amount by which
the summed variance would be expected to change if species
were lost at random and nothing else changed. This eﬀect is
always ⬍0, because species’ variances are always ⬎0.
The second term, Sp(w, var(B)), is the species composition
eﬀect (SCE). This is the portion of the diﬀerence in the summed
variances attributable to species loss that is non-random with
respect to species’ pre-loss variances. Non-random loss might
occur for many reasons, such as because high-variance species
are at greater risk of extinction (Vucetich et al. 2000). The
SCE is formally analogous to evolution by natural selection.
For instance, if large-bodied parental individuals die, the
mean body size of the oﬀspring generation will be reduced,
insofar as the body sizes of oﬀspring resemble those of their
parents. Analogously, if the high-variance species are lost, the
mean variance (and thus the summed variance) of the postloss community will be reduced, insofar as species’ post-loss
variances resemble their pre-loss variances. Note that nonrandom loss of high- or low-variance species can occur when
variance is itself the cause of species loss (‘direct selection’),
and when variance is merely correlated with the true cause
(‘correlational selection). I follow conventional usage and
refer to the SCE as capturing the eﬀects of selection, while
recognizing that a non-zero SCE can arise for reasons not
conventionally regarded as selection (‘directional stochastic
eﬀects’, Rice 2008). The distinction between directional
stochastic eﬀects and eﬀects of selection is not relevant for
present purposes. s
The third term, ∑ w i Δ var(Bi ) , is the context depeni⫽1

dence eﬀect (CDE). This is the sum, across all persisting
species, of the diﬀerence between their pre- and post-loss
variances. Anything that causes the variances of persisting
species to diﬀer between the pre- and post-loss communities
will contribute to this sum, including between-community
diﬀerences in environmental conditions, and the eﬀects of
species loss itself. For instance, in stochastic competition
models species loss often alters the variances of the remaining
species (Ives et al. 1999, Loreau and de Mazancourt 2008).
The CDE is formally analogous to biased transmission in
evolution. Biased transmission refers to any factor, such as
a change in environmental conditions or total population
size, causing oﬀspring phenotypes to deviate systematically
from the phenotypes of their parents. Equation 4 is a complete, exact partitioning of all the reasons for which two
communities can diﬀer in their summed variances.
Equation 4 treats the variance of species i as analogous to
the phenotype of an individual organism. Fox and Harpole
(2008) incorrectly claimed that this analogy breaks down

i⫽1 j⫽i

s ⎡

⎤

i⫽1 ⎢⎣ j⫽i

⎥⎦

diagonal elements of row i of the variance-covariance matrix,
∑ cov(Bi , Bj ) , as a property of species i, and then add up

j⫽i

these oﬀ-diagonal row sums for all i species in order to obtain
the summed covariance (Fig. 1). Similarly, we can write the
s

⎡

⎤

′ ′
post-loss summed covariance as ∑ w i ⎢⎢ ∑ w j cov(Bi , Bj ) ⎥⎥
i=1 ⎢⎣ j⫽i
⎥⎦
(Fig. 1).
There are good ecological motivations for treating the oﬀdiagonal row sum ∑ cov(Bi , Bj ) as a property of species i.
j⫽i

The sum of the covariances between species i and the other
species, ∑ cov(Bi , Bj ) , can be viewed as a ‘relational’ property
j⫽i

of species i that reﬂects its interactions with the other species
and its environment. Species that respond similarly to environmental perturbations should covary positively (Valone
and Barber 2008), while competing species should covary
negatively (Ives et al. 1999, Tilman 1999, Ives and Hughes
2002), but these mechanisms are not mutually exclusive.
Their net eﬀect on species’ covariances generally will be
complex and possibly diﬃcult to interpret (Vasseur and Fox
2007, Loreau and de Mazancourt 2008). The oﬀ-diagonal
row sum for species i summarizes the eﬀects of all mechanisms aﬀecting the pairwise covariances between species i
and the other species. Overall, does species i behave like the
other species (positive oﬀ-diagonal row sum), or diﬀerently
(negative oﬀ-diagonal row sum)?
We can write the diﬀerence between the pre- and postloss summed covariances as
s

⎡

⎤

⎢⎣ j⫽i

⎥⎦

s ⎡

⎤

∑ w i ⎢⎢ ∑ w j cov(B′i , B′j )⎥⎥ ⫺ ∑ ⎢⎢ ∑ cov(Bi , Bj )⎥⎥

i⫽1

i⫽1 ⎢⎣ j⫽i

⎥⎦

⎛
⫽ ∑ cov(Bi , Bj )Δs ⫹ Sp ⎜⎜ wi , ∑ cov(Bi
j⫽i
j⫽i
⎝

⎞

, Bj )⎟⎟
⎠

s

⫹ ∑ wi Δ ∑ cov(Bi , B j )
i⫽1

(5)

j⫽i

⎤
1 s ⎡⎢
⎥
cov(B
,
B
)
⫽
cov(B
,
B
)
∑
∑
∑
i
j
i
j
where
⎥
S i⫽1 ⎢⎢⎣ j⫽i
j⫽i
⎥⎦

is the average

pre-loss row sum,
⎛

⎞

Sp ⎜⎜ w i , ∑ cov(Bi , Bj )⎟⎟
⎝

j⫽i

s ⎡

⎠
⎞⎤

⎛

⫽ ∑ ⎢⎢ ( w i⫺w i )⎜ ∑ cov(Bi , Bj ⫺ ∑ cov(Bi , Bj ))⎟ ⎥⎥
i=1 ⎢⎣

⎜
⎝ j⫽i

j⫽i

⎟
⎠ ⎥⎦

is the sum
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of products of species’ wi values and their pre-loss row sums, and
′

′

Δ ∑ cov(Bi ,B j ) ⫽ ∑ w j cov(Bi , B j )⫺ ∑ cov(Bi ,B j )
j⫽i

j⫽i

j⫽i

is the

diﬀerence between the pre- and post-loss row sums for species i, where wj equals 1 if species j ≠ i persists and 0 if this
species is lost.
Equation 5 comprises three additive components. The
term ∑ cov(Bi , Bj )ΔS isolates the eﬀect of random loss of
j≠ i

species on the summed covariance. This is a species richness
eﬀect (SRE). This term can be ⬎0 or ⬍0, depending on
⎛

⎞

⎜
⎟
the sign of ∑ cov(Bi , Bj ) . The term Sp ⎜ w i , ∑ cov(Bi , Bj )⎟
j≠ i

⎝

j≠ i

⎠

isolates the eﬀect of non-random loss of species with respect
to their summed covariances.
This is a species composition
s
w
eﬀect (SCE). The term ∑ i Δ ∑ cov(Bi ,B j ) isolates the
i=1

j≠ i

eﬀect of post-loss changes in the summed covariances
of the persisting species. This is a context dependence
eﬀect (CDE). This term can be thought of as capturing
the indirect eﬀects of species loss on the covariances,
because it arises from post-loss changes in the summed
covariances of the remaining species. In contrast, the SRE
and SCE in Eq. 5 capture the direct eﬀects of species loss
on the covariances.
Context dependence in the summed covariances of the
persisting species can arise for several reasons that must be
distinguished. The summed covariance of species i can be
regarded as a property of that species, but it can equally well
be regarded as an aggregate property of the group of species
j ≠ i. We can therefore apply the Price equation partition to
the diﬀerence between the pre- and post-loss summed covas

riance of species i, ∑ w i Δ ∑ cov(Bi ,B j ) , thereby obtaining
i=1

j≠ i

Figure 1. Diagram illustrating the calculation of the summed variances (red) and covariances (blue) for a pre-loss community of s ⫽ 4 species
and a post-loss community of s' ⫽ 3 species from which species i ⫽ j ⫽ 4 has been lost. Matrix elements and row sums associated with
species 4 are not enclosed in blue or red and do not contribute towards the post-loss summed variance and summed covariance because wi ⫽
wj ⫽ 0 for this species. Note that the summed covariances are calculated by ﬁrst summing the oﬀ-diagonal elements of each row of the
variance-covariance matrix, and then summing these row sums.
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s

Analogy with multi-level selection

s

∑ w i Δ ∑ cov(B i , B j ) = ∑ w i cov(Bi , B j )ΔS i
j≠ i

i=1

i=1
s

(

)

+ ∑ w iSp w j , cov(Bi , Bj )
i=1
s

+ ∑ w i ∑ w j Δcov(Bi , B j )
i=1

j≠ i

1

(6)

∑ cov(Bi , B j ),

where Δsi ⫽(s′⫺1)⫺(s⫺1) for all i, cov(Bi, Bj) ⫽ S ⫺ 1 j≠ i

(

)

(

)

Sp w j , cov(Bi , Bj ) = ∑ (w j ⫺ w j ) cov(Bi , Bj ) ⫺ cov(Bi , Bj ) ,,
j≠ i

(

)

and Δcov(Bi , B j ) = cov B′i , B′j ⫺ cov(Bi , B j ) (see Fox 2006
for details). Equation 6 partitions context dependence in the
summed covariances of the persisting species into subcomponents attributable to diﬀerent eﬀects. Equation 6 comprises
three additive terms, each of which comprises a sum across all
persisting species.
First, random species loss reduces the total number
of other species with which persisting species i covaries.
s

This eﬀect is isolated by the term ∑ w i cov(Bi , Bj )Δsi , where
i=1

Δsi is the diﬀerence between the pre- and post-loss ‘size’ of
group i, and cov(Bi , B j ) is the average pre-loss covariance
between species i and the other species. This is a SRE. This
term can be ⬎0 or ⬍0, because cov(Bi ,B j ) can be positive
for some persisting species and negative for others.
s

Second, the term ∑ w i Sp(w j , cov(Bi, Bj ))isolates the eﬀect
i=1

of non-random loss of other species with respect to their preloss covariance with persisting species i. This is a SCE. For
instance, imagine that the covariance between species i and
j largely reﬂects the similarity of their responses to abiotic
environmental variation, so that similar species covary
positively. In this simple hypothetical case, non-random
loss of species that are similar to species i would lead to a
post-loss community in which species i is dissimilar to the
remaining species. This would reduce the average covariance between species i and the remaining species, thereby
reducing the summed covariance of the entire community.
s
Third, the term ∑ w i ∑ w j Δcov(Bi , Bj ) isolates the eﬀect
i=1

j≠ i

of post-loss changes in the covariances between persisting species i and the persisting species j ≠ i. This is a
CDE. The post-loss covariance between species i and j might
diﬀer from its pre-loss value because the post-loss environment diﬀers from the pre-loss environment. The post-loss
covariance between species i and j also might diﬀer from
its pre-loss value because of species loss itself. Because species interact indirectly as well as directly, the covariance
between species i and j can be altered by loss of a third
species.
Equations 4–6 give a complete, exact partitioning of all
the eﬀects of species loss on community variability as measured by the temporal variance of total biomass. Table 1
summarizes the resulting partition.

Interestingly, Eq. 5–6, which partition the eﬀects of
species loss on the summed covariance, are closely analogous
to a standard model of multi-level selection in evolutionary
biology. Price (1972) pointed out that his general description of directional evolution could be extended to a system
with multiple hierarchical levels, such as groups comprised
of individual organisms. In Price’s (1972) formulation, the
total selection diﬀerential on a phenotypic character can be
partitioned into two additive components, attributable to
group selection and individual selection. The total change in
mean phenotype from one generation to the next is given by
the total selection diﬀerential plus the eﬀect of individuallevel transmission bias.
Equations 5–6 are closely analogous to Price’s (1972)
partitioning of group and individual selection. Equation 5
describes group-level evolution. Each species i is analogous
to a “group” of individuals, the group being comprised of the
other species. The “group phenotype” is the summed covariance between species i and the others, which is given by the
sum of the “individual phenotypes”, the pairwise covariances
between species i and j ≠ i. The “group ﬁtness” for group i is
wi. The SCE in Eq. 5 is formally analogous to group selection. The SCE in Eq. 6 is formally analogous to individuallevel (within-group) selection, with wj giving the “ﬁtness”
of individual j. The CDE in Eq. 6 is formally analogous to
individual-level transmission bias. The fact that the SCE and
CDE in Eq. 6 are subcomponents of the CDE in Eq. 5 is a
speciﬁc illustration of the general principle that individuallevel selection and transmission bias (Eq. 6) lead to grouplevel transmission bias (Eq. 5) (Okasha 2006).
The analogy between Price’s (1972) multi-level selection
model and Eq. 5–6 is not perfect. In Eq. 5, “group ﬁtness”
wi is not the average of the “ﬁtnesses” of the species comprising the “group”, as it would be in a standard multi-level
selection model (Price 1972, Okasha 2006). Equations 5–6
remain mathematically valid, and the analogy with Price’s
(1972) multi-level selection model remains suﬃciently close
to yield novel insights. In Supplementary material Appendix 1 I highlight insights from the evolutionary literature on
multi-level selection relevant to studies of species loss and
ecosystem function.
One consequence of the deﬁnition of ‘group ﬁtness’ used
in Eq. 5–6 is that the group- and individual-level SCEs are
likely to be correlated. A species that has, e.g. a strongly positive summed covariance likely has strongly positive pairwise
covariances. Therefore, non-random loss of species with
positive summed covariances likely would lead to both a
group-level SCE (Eq. 5) and an individual-level SCE (Eq.
6). This does not aﬀect the mathematical validity of Eq. 5–6,
but illustrates that ‘direct’ and ‘indirect’ eﬀects of species
loss on the summed covariance are likely to accompany one
another.
Illustrative application
Next I apply Eq. 4–6 to analyze eﬀects of species loss on
community variability in an ongoing ﬁeld experiment. The
Biodiversity II experiment randomly varies plant species
richness and composition in a substitutive design (Tilman
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Table 1. Effects of species loss on the temporal variance of total biomass. The difference between the pre- and post-loss variance of total
biomass is given by the sum of effects 1–6. Effect 6 equals the sum of effects 7–9.
Interpretation
(A) Effects on summed variance
1. var(B)Δs

Effect of random species loss with respect to their pre-loss variances

2. Sp(w, var(B))

Effect of non-random species loss with respect to their pre-loss variances

s

3. ∑ wi Δ var(Bi )

Effect of post-loss changes in the variances of the persisting species

i⫽1

(B) ‘Group-level’ effects on summed covariance
4. ∑ cov( Bi , Bj )ΔS

Effect of random species loss with respect to their summed covariances

j⫽i

5.

⎛

⎞

Sp ⎜ w i , ∑ cov( Bi , Bj ) ⎟
⎜⎝

j⫽i

⎟⎠

Effect of non-random species loss with respect to their summed covariances

s

6. ∑ wi Δ ∑ cov(Bi ,Bj )
i⫽1

j⫽i

Effect of post-loss changes in the summed covariances of the persisting species

(c) ‘Individual-level’ effects on summed covariance
(subcomponents of 6)
s

7. ∑ wi cov(Bi , Bj )ΔSi
i⫽1
s

8. ∑ wi Sp(w j , cov(Bi , Bj ))
i⫽1

Effect of random loss of species with respect to their covariance with persisting
species i
Effect of non-random loss of species with respect to their covariance with
persisting species i

s

9. ∑ w i ∑ w j Δcov( Bi , Bj )
i ⫽1

Effect of post-loss changes in the covariance between persisting species i and j

j⫽i

et al. 2001). The experimental site is a grassland at the
Cedar Creek Long-Term Ecological Research (LTER) site in
Minnesota, USA. The aboveground biomass of every species
in every plot is sampled annually in August. I use data from
2001–2005. This provides data from six timepoints, because
in 2001 the plots were sampled in June as well as August
(excluding the June 2001 sample from the analysis does not
alter any of the conclusions). The experiment began in 1994
so data from 2001–2005 represent data from mature plots.
This is not an especially long time series, but is suﬃciently
long to provide interesting results.
The most diverse plots in the experiment comprise 16
species. Less-diverse plots have 8, 4, 2 or 1 species. The species composition of each plot was chosen at random from
a pool of 18 species. The experiment comprises 342 plots
in total. In principle, the approach developed above could
be used to partition the diﬀerence between any two plots
in the temporal variance of total biomass, so long as one
of the plots comprised a strict subset of the species in the
other. However, this would lead to a very large number of
pairwise comparisons without producing proportionate
ecological insight. I therefore chose to compare each of the
2-, 4- and 8-species plots (‘post-loss’ plots) to each of three
16-species plots (‘pre-loss’ plots). I used the most-variable
16-species plot (plot 273), the least-variable (plot 107), and
an arbitrarily-chosen plot of intermediate variability (plot
9). Note that each of the three pre-loss plots is compared to
a slightly diﬀerent set of post-loss plots because the pre-loss
plots vary in species composition and so not all post-loss
plots can be compared to any given pre-loss plot. I omitted the 1-species plots because these plots lack covariation
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between species and so do not provide an interesting illustration of the approach.
Following Fox (2006), I assigned wi ⫽ 0 and wj ⫽ 0 to
species planted in the pre-loss plot but not the post-loss plot,
and wi ⫽ 1 and wj ⫽ 1 to other species, thereby distinguishing species lost due to the experimental design from planted
species that failed to grow. Growth failure was rare. The
plots are weeded to prevent invasion by species not originally planted in them. In calculating the temporal variance
of total biomass for a given plot, I included only the species
originally planted in the plot, omitting any (invariably low)
biomass from other species.
Community variability, as measured by the temporal
variance of total aboveground biomass, does not vary with
diversity in this experiment, except that three low-diversity
outliers exhibit unusually high variability (Fig. 2a). Instead,
community variability varies substantially among species
compositions within richness levels (Fig. 2a). Nor do the
two components of variability, the summed variances and
the summed covariances, vary with species richness (Fig. 2b).
The summed covariances vary widely but are are near-zero
on average (Fig. 2b). However, Fig. 2 does not provide any
insight into why species loss aﬀects the summed variances
and covariances. In particular, variation in community variability among species compositions within richness levels
does not necessarily indicate that community variability
is determined primarily by species composition per se.
Community variability might vary among species compositions primarily because of post-loss changes in the variances
and covariances of the remaining species. Nor does Fig. 2
indicate that species richness has no eﬀect on community
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Figure 2. (a) Temporal variance of total biomass as a function of planted
species richness in the Biodiversity II experiment. Each point represents
a single plot. (b) The two components of the total variance, the summed
variance (diamonds) and the summed covariance (squares), for each
plot. Points are slightly jittered to improve visibility.

variability. It is possible that species loss has multiple eﬀects
which cancel out, leading to no net eﬀect of species richness
on community variability.
Figure 3 shows results when post-loss plots are compared
to a typical pre-loss plot using Eq. 4–6. Qualitatively similar
results hold for comparisons with other pre-loss plots (Supplementary material Appendix 2). The SRE on the summed
variance (term 1 in Table 1) is negative and declines linearly
as more species are lost, as it must because pre-loss variances
are always ⬎0 (Fig. 3a). The SCE on the summed variance
(term 2 in Table 1) is near-zero on average, as dictated by
the experimental design, and varies from strongly positive to
strongly negative depending on the identity of the lost species (Fig. 3a). More interestingly, the CDE on the summed
variance (term 3 in Table 1) varies widely among post-loss
plots (Fig. 3a), and can be either positive or negative on average, depending on the pre-loss plot to which the post-loss
plots are compared (Supplementary material Appendix 2).
The CDE on the summed variance can be substantially larger
in absolute magnitude than the other eﬀects on the summed
variance (Fig. 3a), indicating that how many species are lost
(the SRE) and which species are lost (the SCE) often is less
important than post-loss changes in the variances of the persisting species (the CDE). The CDE on the summed variance increases on average as more species are lost (Fig. 3a).
Although this trend is not statistically signiﬁcant, it helps
counterbalance the SRE on the summed variance, thereby
explaining why the summed variance does not vary with species richness. The SCE and CDE on the summed variance
are not signiﬁcantly correlated, indicating that the identity
of the lost species does not aﬀect the post-loss variances of
the remaining species (unpubl.).
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Figure 3. Partitioning of the eﬀects of species loss on community
variability in the Biodiversity II experiment. Points show the SRE
(ﬁlled diamonds), SCE (open squares), and CDE (open triangles)
for each post-loss plot, as a function of post-loss richness. Eﬀect
sizes were calculated by comparing post-loss plots to a typicallyvariable pre-loss plot (see Supplementary material Appendix 2 for
comparisons with other pre-loss plots). Points are slightly jittered
horizontally to improve visibility. (a) Eﬀects on the summed variance, (b) group-level eﬀects on the summed covariance, (c) individual-level eﬀects on the summed covariance.

Figure 3b shows the group-level eﬀects of species loss
on the summed covariance. As with eﬀects on the summed
variance, the group-level CDE on the summed covariance
(term 6 in Table 1) can be positive or negative on average,
and often is larger in absolute magnitude than other grouplevel eﬀects. The most important eﬀect of species loss on
the summed covariance often is its “indirect” eﬀect on the
remaining species. The group-level CDE on the summed
covariance is independent of the group-level SRE and SCE
(terms 4–5 in Table 1), indicating that which and how many
species are lost does not aﬀect the summed covariances of the
remaining species (unpubl.).
The group-level CDE on the summed covariance comprises the sum of diﬀerent individual-level eﬀects. The individual-level SRE, SCE, and CDE (terms 7–9 in Table 1) all
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can be large in absolute magnitude, with the CDE sometimes being the largest eﬀect (Fig. 3c). This indicates that the
summed covariance of species i is strongly aﬀected by how
many species are lost, which species are lost, and post-loss
changes in the pairwise covariances between species i and
the other persisting species. The individual-level SCE and
CDE are uncorrelated (unpubl.), indicating that the identity
of the lost species does not aﬀect the pairwise covariances
between the persisting species.
The individual-level and group-level SCEs on the covariances are positively correlated across all post-loss plots (r ⫽
0.51). This correlation arises because a species i that exhibits,
e.g. a strongly-positive summed covariance with the other
species will typically be among those that covaries most positively with any given persisting species j. Loss of species i
therefore leads to both a group-level SCE (due to non-random loss of species i’s positive summed covariance) and an
individual-level SCE (due to non-random loss of species i’s
positive pairwise covariance with any given persisting species
j, reducing the post-loss summed covariance for species j).
Similar “cross-level by-products” are common in multi-level
selection models (Okasha 2006).
Application of the multi-level Price equation to the Biodiversity II experiment yields novel empirical insights. First,
species’ variances and pairwise covariances are highly contextdependent, even in a controlled experiment lacking an obvious environmental gradient, in which all species experienced
strong competition, and in which all plots experienced identical weather conditions. This result highlights that strong
context dependence can occur even in the absence of strong
between-site variation in abiotic conditions. Strong context
dependence might have been revealed by other approaches,
but only the multi-level Price equation provides a quantitative gauge of the importance of context dependence relative to other eﬀects. Future work should aim to tease apart
the drivers of this context dependence, such as small-scale
diﬀerences in soil conditions (Fox and Harpole 2008), and
changes in species interactions following species loss. Second, eﬀects of species loss on species’ variances are more
important than eﬀects on their covariances. The SRE and
CDE on species’ variances are substantially larger in average
absolute magnitude than eﬀects of species loss on species’
covariances, especially when many species are lost (Fig. 3,
Supplementary material Appendix 2). Eﬀects of species loss
on the summed variance are larger than on the summed covariance even though the latter varies more between pre- and
post-loss communities. Eﬀects of species loss on the summed
variance are large but tend to cancel out. Simply partitioning diﬀerences between pre- and post-loss variability into
the diﬀerence in the summed variance plus the diﬀerence in
the summed covariance (Fig. 2b, Lehman and Tilman 2000)
would lead to the incorrect conclusion that eﬀects of species
loss on the summed covariance are stronger than eﬀects on
the summed variance.
These results substantially reﬁne previous analyses of
these data. Tilman et al. 2006 analyzed these data, using
CV as a measure of stability. They found that CV increases
with decreasing species richness. Because the summed
covariance is independent of species richness, Tilman et al.
attributed the declining CV to decreasing total biomass with
decreasing species richness, and to variance-mean scaling
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(the portfolio eﬀect). The approach developed here reveals
that both the summed variance and the summed covariance actually decline as species are lost due to SREs, but that
these SREs are swamped by other eﬀects. My approach also
separates SCEs from CDEs and shows that both have strong
eﬀects on community variability. Finally, the extensions to
my approach described in the following section could be
used to quantify the importance of changes in total biomass
and variance-mean scaling relative to other eﬀects. Tilman et
al. (2006) tested for diﬀerent eﬀects but did not attempt to
quantify their relative importance.
In Supplementary material Appendix 3 I provide a second
illustrative application, to simulated data from a theoretical
model (Loreau and de Mazancourt 2008). This application
shows how my approach can recover eﬀects generated by
known underlying processes.
Extensions to incorporate species’
mean biomasses
Species with low mean biomass cannot exhibit high variance because biomasses cannot be negative. For this reason
and others, species’ variances will tend to increase with their
mean biomasses. Because species’ mean biomasses often
decline with species richness, species’ variances also will
decline with species richness (Tilman et al. 1998). Eﬀects of
species’ mean biomasses on species’ variances are so pervasive
that it is useful to explicitly incorporate them into the analysis of community variability (Tilman et al. 1998, Lehman
and Tilman 2000).
In Supplementary material Appendix 4 I demonstrate two
ways to do this. One way to incorporate species’ mean biomasses is to analyze an alternative measure of variability such
as the variance-mean ratio or coeﬃcient of variation (CV),
both of which scale community variability relative to total
biomass (Lehman and Tilman 2000). The Price equation
partition of Fox (2006) can be used to analyze the eﬀects of
species loss on total biomass, and together with the approach
developed here yields a partition of the eﬀects of species loss
on all components of these scaled measures of variability.
However, because species’ variances typically scale nonlinearly with species’ mean biomasses (Hanski 1982, Taylor and
Woiwood 1982, Tilman 1999, Valone and Hoﬀman 2003,
Lepš 2004, Steiner 2005, Steiner et al. 2005, Romanuk
et al. 2006, Vogt et al. 2006), analysis of the variance-mean
ratio or CV often fails to fully account for the eﬀects of
species’ mean biomasses. Instead, nonlinear mean-variance
scaling can be explicitly incorporated into Eq. 4–6 using the
approach of Fox and Harpole (2008). This regression-based
approach treats species’ mean biomasses as predictors of their
variances, analogous to how individuals’ genotypes can be
treated as predictors of their phenotypes in evolutionary
biology (Fisher 1958). This approach goes beyond previous
applications of mean-variance scaling in three ways. First,
it separates diﬀerent sources of mean-variance scaling. Nonrandom loss of high- or low-biomass species will generate
mean-variance scaling via the SCE, while post-loss changes
in the mean biomasses of the remaining species will generate mean-variance scaling via the CDE. Second, it separates
those parts of the SCE and CDE attributable to meanvariance scaling from those parts that are not. Previous

empirical studies of mean-variance scaling have lacked
a way to quantify its importance relative to other sources
of between-community diﬀerences in species’ variances
(Petchey et al. 2002, Valone and Hoﬀman 2003, Lepš 2004,
Steiner 2005, Steiner et al. 2005, Romanuk et al. 2006,
Vogt et al. 2006). Third, it reveals a novel interaction term
between mean-variance scaling and any factor aﬀecting the
slope and intercept of the mean-variance scaling relationship.
The existence of this interaction term has been overlooked
in previous empirical studies (Tilman 1999, Cottingham
et al. 2001, Petchey et al. 2002, Valone and Hoﬀman 2003,
Lepš 2004, Steiner 2005, Steiner et al. 2005, Romanuk et al.
2006, Vogt et al. 2006).

Discussion
The approach developed here provides a way to map from
species loss to associated changes in community variability.
The key insight behind this mapping is the recognition that
the summed covariance of any given species is a relational
property, reﬂecting that species’ ecological relationships with
the other species and the abiotic environment. This recognition allows the summed covariance of the community
to be expressed as a sum of the properties of the individual
species comprising the community, so that the eﬀects of loss
of a given species i can be speciﬁed. Because the summed
covariance between species i and the other species is a
relational property, species loss aﬀects the summed covariance of the whole community via two distinct ‘routes’. First,
loss of some species simply removes their summed covariances from the community total. This ‘direct’ eﬀect of species loss is manifested as a SRE, and a SCE if the loss is
non-random. Second, loss of some species alters the summed
covariances of the remaining species. This ‘indirect’ eﬀect of
species loss is manifested as a CDE, which arises from loss
of the pairwise covariances between persisting species and
lost species, and post-loss changes in the pairwise covariances
between the persisting species. The multi-level Price equation provides a complete, exact partitioning of these direct
and indirect eﬀects of species loss on community variability.
Many areas of ecology are concerned with relational
properties of species. Community ecology considers how the
niche diﬀerentiation of species from one another changes as
species immigrate, go extinct, and shift their niches (Abrams
1998, Scheﬀer and van Nes 2006, Fox and Vasseur 2008).
Many studies of biodiversity and ecosystem function ask
whether individual species make ‘redundant’ contributions
to ecosystem function or unique, irreplaceable contributions
(Walker 1992, Wohl et al. 2004). Whether or not a species is
‘redundant’ depends on the functional traits of that species
relative to the other species, so that a previously-redundant
species can become unique if all similar species are lost. The
approach developed here is in the same spirit.
The approach developed here provides a formal classiﬁcation of the eﬀects of species loss on community variability.
The classiﬁcation is exact: the eﬀects identiﬁed here always
sum up to exactly the diﬀerence in community variability,
and there is no possibility that any eﬀect of species loss on
community variability has been omitted. The approach
does not predict how species loss will aﬀect community

variability, but instead provides a ‘metamodel’ that clariﬁes
the operation of any given predictive theory (Collins and
Gardner 2009). For instance, the approach developed here
provides a more reﬁned picture of the operation of meanvariance scaling, by showing how mean-variance scaling can
arise via non-random species loss, post-loss changes in the
biomasses of the remaining species, and interactions with
other factors aﬀecting the parameters of the scaling relationship. The ‘metamodel’ provided by the Price equation
is general because the Price equation makes no mechanistic
assumptions. Rather, it is an exact, retrospective partitioning
of the eﬀects of all underlying mechanisms. In Supplementary material Appendix 5 I provide further discussion of the
assumptions and interpretation of the Price equation.
The approach developed here also reveals several new,
previously-unidentiﬁed eﬀects of species loss on community variability. It reveals three new eﬀects of species richness
on community variability: the SRE on the summed variance, the group-level SRE on the summed covariance, and
the individual-level SRE on the summed covariance. These
eﬀects arise because community variability, as measured here,
is the sum of the properties of individual species. The value
of any sum necessarily changes if some of the summands are
dropped from the sum, unless all the summands are exactly
zero (which is inﬁnitely unlikely in the present context).
A SRE isolates that portion of the eﬀect of loss of species
which is independent of which species were lost, and so
cannot be uniquely attributed to the particular species that
were lost. The distinction between eﬀects of species richness
and eﬀects of species identity is a familiar one in the literature on biodiversity and ecosystem function (Tilman et al.
2001), but my approach draws this distinction in a new way.
In particular, SREs, as deﬁned here, necessarily are linearly
related to the number of species lost. See Fox (2006) and
Supplementary material Appendix 5 for further discussion
of the interpretation of the SRE.
Another newly-identiﬁed eﬀect of species loss on community variability arises in the context of mean-variance
scaling: mean-variance scaling interacts with any process or
factor that alters the slope and intercept of the mean-variance
relationship (Supplementary material Appendix 4). Previous
studies of mean-variance scaling, including those that test for
context dependence of the mean-variance scaling relationship, have not recognized this interaction term (Tilman et al.
1998, Tilman 1999, Cottingham et al. 2001, Petchey et al.
2002, Valone and Hoﬀman 2003, Lepš 2004, Steiner 2005,
Steiner et al. 2005, Romanuk et al. 2006, Vogt et al. 2006).
The approach developed here complements the interpretation of previous empirical and theoretical results. Other
previously-proposed ecological mechanisms might aﬀect
community variability via more than one of the eﬀects identiﬁed here. For instance, random loss of competitors likely
would generate CDEs as well as SREs (Ives et al. 1999, Ives
and Hughes 2002). For instance, a CDE on the variances
of the remaining species might occur because of post-loss
changes in the remaining competitors’ mean biomasses (Ives
and Hughes 2002). Analogously, in evolutionary biology a
single underlying biological mechanism (e.g. an environmental change) can both generate natural selection, and
cause biased transmission of parental traits to oﬀspring. The
Price equation can be used to partition the multiple ‘routes’
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by which a given ecological mechanism aﬀects community
variability. In Supplementary material Appendix 3 I apply
the approach developed here to a previous theoretical model
(Loreau and de Mazancourt 2008) and discuss in detail how
my approach complements previous analysis of this model.
The approach developed here also clariﬁes, and sometimes
revises, previous interpretations of theoretical and empirical
results. For instance, Petchey et al. (2002) found that total
community covariance slightly increased from negative to
near-zero values as species were lost from protist microcosm
communities. Petchey et al. (2002) attributed this trend to
changes in competitive interactions associated with changes
in species richness. However, this trend might have arisen
largely from SREs on the total community covariance. A
second example concerns the ‘sampling eﬀect’, the idea
that increasing species richness aﬀects the summed variance
because more diverse communities are more likely to contain
a highly-variable species (Petchey et al. 2002). The approach
developed here shows that random species loss per se cannot
change the summed variance except via the SRE. The SRE
is independent of species identity and so has nothing to do
with the sampling eﬀect. More diverse communities are more
likely to contain both high- and low-variance species, so that
the mean variance per species is independent of species richness. In this case, there is no SCE on the summed variance.
As has been pointed out in other contexts, the fact that more
species-rich communities are more likely to contain any given
species does not in and of itself aﬀect aggregate community
properties comprising the sum or average of the properties of
individual species (Loreau and Hector 2001, Fox 2006). It is
true that the summed variance of a diverse community often
is dominated by a few high-variance species (Cottingham et
al. 2001). But this simply creates the potential for a strongly
negative SCE, which would occur if the high-variance species
were non-randomly lost. Analogously, in evolutionary biology
a population with high phenotypic variability is more likely
to contain an individual with an extreme phenotype. But this
does not imply that the mean phenotype of the population is
high (or low). Rather, high phenotypic variability simply creates the scope for strong natural selection if phenotypic variation covaries with ﬁtness.
Application to formally-analogous problems
The approach developed here applies to any formally-analogous problem, in which interest centers on the average or sum
of the elements of a matrix A in which the diagonal element
aii is a property of entity i and oﬀ-diagonal element aij is a
joint property of entities i and j ≠ i. Matrices of interaction
strengths (‘community matrices’), food web matrices, and
plant-pollinator matrices all ﬁt this deﬁnition, as do spatial
(rather than temporal) variance-covariance matrices. Note
that the approach developed here remains valid for matrices
that are not symmetrical around the diagonal, as variancecovariance matrices are. Previous applications of the multilevel Price equation to ecological problems have been limited
to the context of true biological hierarchies (Collins and
Gardner 2009). The recognition that the formal mathematics of the multi-level Price equation can be applied outside
the context of a true biological hierarchy is a novel contribution of my approach.
1832

Conclusion: the value of formal theoretical
frameworks
It is perhaps surprising that a theoretical framework as
lacking in biological assumptions as the Price equation has
anything to teach us about biology. One of the most important roles for formal theoretical frameworks such as the Price
equation is to highlight similarities and distinctions among
systems that might not otherwise be recognized. The analogy between an evolving population and a community experiencing species gain and loss is one such similarity, and the
distinction between aggregate and ‘emergent’ properties is
one such distinction (Supplementary material Appendix 1).
Conceptual and empirical progress in many areas of ecology has hinged on the recognition of such similarities and
diﬀerences, which often are ﬁrst recognized through formal
mathematics.
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