’Stochastic Modeling of Electricity and
Related Markets’
F. Benth, J. Benth & S. Koekebakker
(World Sci. Publ., 2008) ∗
Anatoliy Swishchuk
University of Calgary
PRMIA Luncheon Talk
May 4, 2010
∗ Book

Review (Joint talk with Tony Ware)

Book Cover

Introduction: Structure of the Book
The book contains Preface, 10 Chapters, Appendix, Bibliography, Index and published on 337 pages by World Scientific
Publishing Co. in 2008.

Outline of Presentation
1. Introduction: Motivation
2. Chapter 1: A Survey of Electricity and Related Markets
3. Chapter 2: Stochastic Analysis for Independent Increment
Processes
4. Chapter 3: Stochastic Models for the Energy Spot Price
Dynamics
5. Chapter 4: Pricing of Forwards and Swaps Based on the
Spot Price

Outline of Presentation
6. Chapter 5: Applications to the Gas markets
7. Chapter 6: Modelling Forwards and Swaps Using the HeathJarrow-Morton Approach
8. Chapter 7: Constructing Smooth Forward Curves in Electricity Markets
9. Chapter 8: Modelling of the Electricity Futures Markets

Outline of Presentation
10. Chapter 9: Pricing and Hedging of Energy Options
11. Chapter 10: Analysis of Temperature Derivatives
12. Conclusion

Introduction: Motivation
Since the early 1990s, the markets for electricity and related
products have been liberalized worldwide. It all started off with
the Nordic market NordPool and the England&Wales market at
around 1992, and over the last two decades trade in electricity
and related products on all continents in the world has liberalized.
In 1999 the Chicago Mercantile Exchange organized a market
for temperature derivatives that has gained momentum in recent
years.
Exchange-based markets for gas have emerged and are now actively traded at the New York Mercantile Exchange and the Intercontinental Exchange in London.

Introduction: Motivation
The basic products in the lectricity, gas and temperature markets are spot, futures and forward contracts and options on
these. With organized markets comes the need to have consistent stochastic models describing the price evolution of the
products. Such models must reflect the stylised facts of the
commodity prices we observe at the exchanges, but also lend
themselves to analytical treatment like pricing of derivatives.

Introduction: Motivation
Energy-related spot prices have several typical characteristics,
with the most prominent being mean reversion towards a seasonally varying mean level, and frequently occuring spikes resulting
from an imbalance between supply and demand.
Further, since the energy commodities are driven by the balance
between demand and production, the prices tend to mean-revert.
A natural class of stochastic models to describe such dynamics
is the Ornstein-Uhlenbeck processes.

Introduction: Motivation
Authors of the book use these mean-reverting stochastic processes as their modelling tool throughout the book. The focus
of the book is on presenting a consistent and complete theoretical framework for energy market models with applications
to derivatives pricing. The basic market is electricity one and
related market are gas and temperature markets.

Chapter 1: A survey of electricity and related markets
Chapter 1, A Survey of Electricity and Related Markets, provides
a survey of the three markets they are mainly concerned about,
namely electricity, gas and temperature.
Electricity markets
• a flow commodity
• non-storability issues
• physical and financial contracts
• focus on Nord Pool

Chapter 1: A survey of electricity and related markets
Nordic Power Market

• Nord Pool was established in 1993.

• It covers Norway, Sweden, Finland and Denmark, and connects to Germany via the KONTEK bidding area.

Chapter 1: A survey of electricity and related markets
Nord Pool physical delivery contracts
• Real-time (RT) markets
• These are operated by regional Transmission System Operators
(TSOs)
• They include demand and supply-side bids giving prices and
volumes, posted or changed close to operational time.
• A merit order is created for each hour and used to balance the
system.
• There are also ancillary services markets.

Chapter 1: A survey of electricity and related markets
Day-ahead (DA) markets
Elspot (Nordic market) closes at noon, at which point system
prices are determined for each hour of the following day.
The Elbas market
Elbas bridges the gap between Elspot and the RT market. It
provides continuous power trading, opening when Elspot closes,
and closing one hour before delivery.

Chapter 1: Financial electricity contracts
• On Nord Pool, exchange traded contracts are based on a
weighted average of the hourly system price over the delivery
period.
• Electricity futures of this type are really swap contracts, committing to exchange the agreed futures price for the reference
average system price (once it is known).
• On Nord Pool, there are four quarterly contracts introduced at
the start of each year, for delivery commencing two years ahead
of time, and a new yearly contract for three years ahead.

Chapter 1: A survey of electricity and related markets
• There are also monthly contracts for six months ahead, weekly
contracts for eight weeks ahead, and daily contracts for (up to)
one week ahead, introduced each Thursday.
• There are also exchange-traded European-style options and
contracts for differences.
• Other options are traded on an OTC basis.

System Prices

Chapter 1: A survey of electricity and related markets
• Gas markets
• Temperature markets
• Other related markets
• Stochastic modelling of energy markets
• Spot price modelling

Chapter 1: A survey of electricity and related markets
• Common for financial assets: S(t) = S(0)eX(t), with X(t) =

µt + σB(t) .

• Log-returns, X(t + ∆t) − X(t), are independent and stationary,
and normal.
• We can capture jumps and small time-scale leptokurtic behaviour by generalising to S(t) = S(0) = eL(t), where L(t) is a
Lévy process.
• Cyclicality in price levels, jump sizes and frequence, etc., mean
that models must be time-varying.

Chapter 1: A survey of electricity and related markets
• Schwartz
 (1997) introduced X(t) satisfying the OU process
dX(t) = α µ − X(t) dt + σB(t).
• Generalising B(t) to a Lévy process gives us an independent
incremement (II) process.
• Seasonality can be incorporated by replacing S(0) by a deterministic Λ(t).
• They will also consider additive models - facilitating analytical
pricing of swap contracts.

Chapter 2: Stochastic Analysis for IIP, Definitions
Chapter 2, Stochastic Analysis for Independent Increment Processes (IIP), presents the theory on stochastic integration and
differentiation for independent increment processes and meanreverting processes that are the basic modelling tools in the
book.

Chapter 2: Stochastic Analysis for IIP, Definitions
(Ω, F , Ft, P )-complete filtered probability space
X : Ω → Rd-random variable, if it’s F -measurable
X(t) ≡ X(t, ω)-stochastic process, a family of random variables
parametrized over the time t
X(t) is Ft-adapted, if every X(t) is measurable wrt Ft
X(t) is RCLL, if its paths t → X(t, ω) are right-continuous and
has left-limits a.s.

Chapter 2: Stochastic Analysis for IIP, Definitions (cntd)
An adapted RCLL stochastic process I(t) starting at zero is
an II process (Independent Increment process) if it satisfies the
following two conditions:
1) The increments I(t0), I(t1) − I(t0), ..., I(tn) − I(tn−1) are independent r.v. for any partition 0 ≤ t0 < t1 < ... < tn, and n ≥ 1.
2) It is continuous in probability, that is, for every t ≥ 0 and
 > 0, it
lim P (|I(s) − I(t)| > ) = 0.

s→t

Chapter 2: Stochastic Analysis for IIP, Definitions (cntd)
If we add the condition that increments are stationary, then I(t)
is called a Lévy process.
If the increments of Lévy process are normally distributed then
we have a Brownian motion.
Lévy processes which are increasing, that is, having only positive
jumps, are often called subordinators.
Sometimes (Sato (1999)) the II processes are called additive
processes.

Chapter 2: Stochastic Analysis for IIP, Definitions (cntd)
The characteristic function of the II process I(t) is
E[exp(iθ(I(s) − I(t)))] = exp(ψ(s, t; θ)),

0 ≤ s < t, θ ∈ R

and
2 (C(t) − C(s))
ψ(s, t; θ) = iθ(γ(t) − γ(s)) − 1
θ
2
RtR
iθz
+ s R (e − 1 − iθz 1|z|≤1)l(dz, du).

Chapter 2: Stochastic Analysis for IIP, Definitions (cntd)
The function ψ(s, t; θ) is called the cumulant function of the process I(t), and the generating triplet of the II process is (γ(t), C(t), l),
with the properties
1) γ : R → R is a continuous function with γ(0) = 0,
2) C : R → R is non-decreasing and continuous, with C(0) = 0,
3) l is a σ-finite measure on the Boreal σ-algebra of [0, +∞) × R,
with the property
l(A × {0}) = 0,

l({t} × R) = 0,

t ≥ 0, A ∈ B(R+)

and
Z tZ
0

R

min(1, z 2)l(ds, dz) < +∞.

Chapter 2: Stochastic Analysis for IIP, Definitions (cntd)
If
l(ds, dz) = dsl̃(dz),

γ(t) = γt,

C(t) = ct

for constants γ and c ≥ 0, we have ψ(t, s, ; θ) = (t − s)ψ̃(θ) with
1
iθz−1−iθz 1|z|≤1
ψ̃(θ) = iθγ − θ2c + (e
)l̃(dz)
2
R
The function ψ̃ is called the cumulant of a Lévy process L.
Z

Chapter 2: Stochastic Analysis for IIP, The Lévy-Khintchine
Decomposition and Semimartingales
The Lévy-Khintchine decomposition for II process I(t) :
I(t) = γ(t) + M (t) +

Z tZ
0

|z|<1

z Ñ (ds, dz) +

Z tZ
0

|z|≥1

zN (ds, dz),

where M (t) is a local square integrable continuous martingale.
An adapted RCLL stochastic process S(t) is a semimartingale if
it has the representation
Rt R
S(t) = S(0) + A(t) + M (t) + 0 R\{0} X1(s, z)Ñ (ds, dz)
Rt R
+ 0 R\{0} X2(s, z)N (ds, dz),

where A(t) is an adapted continuous stochastic process.

Chapter 2: Stochastic Analysis for IIP, The Lévy-Khintchine
Decomposition and Semimartingales (cntd)
In general, an II process is not a semimartingale. An II process
I(t) may be represented as the sum of a deterministic RCLL
function and a semimartingale.

Chapter 2: Stochastic Analysis for IIP, Examples of II Processes
• Brownian motion
• Compound Poisson process
• Normal inverse Gaussian (NIG)
• CGMY Lévy process

Chapter 2: Stochastic Analysis for IIP, Examples of II Processes: Time-Inhomogeneous Compound Poisson Process
A Poisson process N (t) with intensity λ is a one-dimensional
stochastic process which has stationary and independent increments, and where N (t)−N (s) is Poisson distributed with intensity
λ(t − s) :
λk (t − s)k −λ(t−s)
P (N (t) − N (s) = k) =
e
.
k!
We call Ñ (t) = N (t)−λt the compensated Poisson process, which
is a martingale.

Chapter 2: Stochastic Analysis for IIP, Examples of II Processes: Time-Inhomogeneous Compound Poisson Process
(cntd)
A popular way to introduce jumps in a spot price dynamics is by a
so-called compound Poisson process. Let (Xi)+∞
i=1 be a sequence
of i.i.d. r.v. Define
L(t) =

NX
(t)

Xi,

i=1

where N (t) is a Poisson process with intensity λ independent
of Xi. The compound Poisson process is a Lévy process. The
cumulant function of L(1) is
ψ(θ) = λ(eψX (θ) − 1),
where ψX (θ) is the cumulant function of Xi. The process L(t)
has Lévy measure l̃(dz) = λFX (dz).

Chapter 2: Stochastic Analysis for IIP, Examples of II Processes: Time-Inhomogeneous Compound Poisson Process
(cntd)
In Geman&Roncoroni(2006), a time inhomogeneous version of
compound Poisson process is considered as the basic noise process of electricity prices. The Poisson process N (t) is assumed
to have time-varying intensity λ(t) in order to account for the
seasonality in the arrival of spices frequently observed in the
electricity markets. They assume
d
2
λ(t) = c
,
1 + | sin(π(t − τ )/k)|


and interpret it as a seasonally varying intensity function with
k controlling the concentration of price shocks occuring in a
multiple of k years.

Chapter 2: Stochastic Analysis for IIP, Examples of II Processes: Time-Inhomogeneous Compound Poisson Process
(cntd)

d
2
λ(t) = c
,
1 + | sin(π(t − τ )/k)|


Here, d is adjusting the dispersion of jumps around peaking times,
c is the maximum expected number of jumps per unit time.
Example: k = 0.5 (price shocks twice a year), τ = 7/12(phase
change). Then the maximum number of jumps concentrate in
January and August every year.

Chapter 3: Stochastic Models for the Energy Spot Price
Dynamics
Chapter 3, Stochastic Models for the Energy Spot Price Dynamics, models spot prices in energy markets based on OU processes.
They analyse both geometric and arithmetic models, and present
in particular an arithmetic model which preserves positivity of
prices. The models are multi-factor, driven by both Brownian
motion and pure jump processes (IIP), with possible seasonally
dependent jump size and intensity.

Chapter 3: Stochastic Models for the Energy Spot Price
Dynamics
The Schwartz model
The starting point for the models in this chapter (and indeed
for much of commodity spot price modelling) is the Schwartz
one-factor model from his 1997 paper ’The stochastic behavior
of commodity prices: implications for valuation and hedging’,
Journal of Finance, Vol.52(3), 923–973.
S(t) = S(0) exp[X(t)]
with




dX(t) = κ α − X(t) dt + σdW (t).

Chapter 3: Stochastic Models for the Energy Spot Price
Dynamics: Spot price modelling with OU processes
I(t) is an II process with a Lévy-Kintchine representation







1
2
ψ(t, s; θ) = iθ γ(s) − γ(t) − 2 θ C(s) − C(t)
o
R s R n izθ
+ t R e − 1 − izθ1|z|<1 l(dz, du),

where γ is of finite variation.
An RCLL process X(s) (t ≤ s ≤ T ) is an OU process if it is the
unique strong solution to




dX(s) = µ(s) − α(s)X(s) ds + σ(s)dI(s),

X(t) = x.

Chapter 3: Stochastic Models for the Energy Spot Price
Dynamics
The unique solution can be written

Rs

Z s

X(s) = x e− t α(v)dv +

t

Rs

µ(u)e− u α(v)dv du+

Z s
t

σ(u)e

R
− us α(v)dv

dI(u).

We can calculate expected value and other moments, because
we kbnow characteristics function of X(t).

Chapter 3: Stochastic Models for the Energy Spot Price
Dynamics: Geometric Models
Introduce n independent pure jump semimartingale II processes
Ij (t), given by

Ij (t) = γj (t) +

Z tZ
0

|z|<1

z Ñj (dz, du) +

Z tZ
0

and p independent Brownian motions Bj (t).

|z|≥1

z Nj (dz, du),

Chapter 3: Stochastic Models for the Energy Spot Price
Dynamics
Define S(t) by
ln S(t) = ln Λ(t) +

m
X

Xi(t) +

i=1

n
X

Yj (t)

j=1

where




dYj (t) = δj (t) − βj (t)Yj (t) dt + ηj (t)dIj (t),
and




dXi(t) = µi(t) − αi(t)Xi(t) dt +

p
X

σik (t)dBk (t),

k=1

with Λ(t) modelling the seasonal price level.

Chapter 3: Stochastic Models for the Energy Spot Price
Dynamics: Some more special cases

dX(t) = −α(t)X(t)dt + σ(t)dB(t)
dY (t) = −α(t)Y (t)dt +dI(t).

d ln S(t) = d ln Λ(t) − α(t) ln S(t) − ln Λ(t) dt + σ(t)dB(t) + dI(t).

Chapter 3: Stochastic Models for the Energy Spot Price
Dynamics: Some more special cases
The previous models include:
• Benth and Saltyte-Benth (2004): Pure jump NIG
• Eberlein Stahl (2003): No mean-reversion (in Y (t)), I(t) hyperbolic Lévy
• Cartea and Figueroa (2005): I(t) compound Poisson
• Geman and Roncoroni (2006): dI(t) = h(S(t))dJ(t), J(t) timeinhomogenous compound Poisson.

Chapter 3: Stochastic Models for the Energy Spot Price
Dynamics: Some more special cases
• Lucia and Schwartz (2002)
dX1(t) = −α1X1(t)dt
 + σ1dB1(t)

q
dX2(t) = µ2dt + σ2 ρdB1(t) + 1 − ρ2dB2(t)





• Villaplana (2002) replaces µ2 by µ2 − α2X2(t) , and adds
dY (t) = −α1Y (t)dt + dI(t),
with I(t) a time-inhomogenous compound Poisson process.

Chapter 3: Stochastic Models for the Energy Spot Price
Dynamics: Some more special cases: Arithmetic models
Here
S(t) = Λ(t) +

m
X
i=1

Xi(t) +

n
X

Yj (t),

j=1

where Xi(t) and Yj (t) are as before. Again, integrability conditions will apply.

Chapter 3: Stochastic Models for the Energy Spot Price
Dynamics: Some more special cases: Arithmetic models
Negative values If Yj (t) = 0, j = 1, . . . , n, then S(t) is a Gaussian OU process (mixture) and can become negative. In fact,
!

P [S(t) < 0] = Φ −

m(t)
,
Σ(t)

where
m(t) = Λ(t) +

X

R
− 0t αi (s)ds
Xi(0)e

i

Σ2(t) =

XZ t
k

0

R
−2 st αi (u)du
2
ds.
σik (s)e

Chapter 3: Stochastic Models for the Energy Spot Price
Dynamics: Some more special cases: Arithmetic models: The nonnegative model of Benth, Kallsen and MeyerBrandis (2007)
• m=0
• The pure jump processes Ij (t) are increasing
• The mean-reverting levels δj (t) = 0
• Λ(t) is now interpreted as a seasonal floor for S(t)

Chapter 4: Pricing of Forwards and Swaps Based on the
Spot Price
Chapter 4, Pricing of Forwards and Swaps Based on the Spot
Price, derives the forward and swap price dynamics based on the
spot models presented in Chapter 3.

Chapter 4: Pricing of Forwards and Swaps Based on the
Spot Price

1. Risk-Neutral Forward and Swaps Price Modelling: Risk-Neutral
Probabilities and Esscher Transform, Examples

2. Currency conversion for forward and swap prices

3. Pricing of Forwards: The Geometric and Arithmetic Cases

4. Pricing of Swaps: The Geometric and Arithmetic Cases

Chapter 4: Risk-Neutral Forward and Swap Price Modelling
Suppose we buy a forward contract at time t promising future
delivery of some underlying spot product with price dynamics
S(t) :
S(t) = Λ(t) +

m
X

n
X

Xi(t) +

Yj (t)

i=1

j=1

m
X

n
X

(arithmetic

case)

or
S(t) = Λ(t) exp(

i=1

Xi(t) +

j=1

Yj (t))

(geometric

case)

Chapter 4: Risk-Neutral Forward and Swap Price Modelling
Here:
dXi(t) = (µi(t)−αi(t)Xi(t))Xi(t)dt+

p
X

σik dBk (t),

i = 1, 2, ..., m,

k=1

and
dYj (t) = (δj (t) − βj (t))Yj (t)dt +

n
X
j=1

ηj (t)dIj (t),

j = 1, 2, ..., n.

Chapter 4: Risk-Neutral Forward and Swap Price Modelling: Forward Pricing
When entering the forward contract, one agrees on a future deliverty time and the price to be paid for receiving the underlying.
Suppose that the delivery time is τ, with 0 ≤ t ≤ τ < +∞, and
that the agreed price to pay upon delivery is f (t, τ ). At time τ,
we will effectively receive a (possibly negative) payment
S(τ ) − f (t, τ ).
It is costless to enter such contracts, which gives us a relation
where we can extract the forward price:
e−r(τ −t)EQ[S(τ ) − f (t, τ )|Ft] = 0.

Chapter 4: Risk-Neutral Forward and Swap Price Modelling: Forward Pricing
f (t, τ ) = EQ[S(τ )|Ft]−
fundamental pricing relation between the spot and forward price.
Since the energy markets are incomplete, the choice of martingale measure Q is open.

Chapter 4: Risk-Neutral Forward and Swap Price Modelling: Swap Pricing
Let us consider swaps, using the electricity market as the typical
example. The buer of an electricity futures receives power during
a setlement period (physically or financially), against paying a
fixed price per MWh. The time t value of the payoff from the
continuous flow electricity is given as
Z τ
2
τ1

e−r(u−t)(S(u) − F (t, τ1, τ2))du,

where F (t, τ1, τ2) is the electricity futures price at time t for the
delivery period [τ1, τ2] with τ1 ≤ τ2.

Chapter 4: Risk-Neutral Forward and Swap Price Modelling: Swap Pricing
Since it is costless to enter an electricity futures contract, the
risk-neutral price is defined by the equation
e−rtEQ[

Z τ
2
τ1

e−r(u−t)(S(u) − F (t, τ1, τ2))du|Ft] = 0.

As long as F is adapted we have
Z τ
2

F (t, τ1, τ2) = EQ[

τ1

re−ru
S(u)du|Ft].
−rτ
−rτ
1 −e
2
e

Chapter 4: Risk-Neutral Forward and Swap Price Modelling: Swap Pricing
One may have that the settlement takes place finacially at the
end of the delivery period τ2. The payoff from the contract at
time τ2 is then
Z τ
2

e−rτ2 EQ[

τ1

(S(u) − F (t, τ1, τ2))du|Ft] = 0,

which yields an electricity futures price
F (t, τ1, τ2) = EQ[

Z τ
2
τ1

1
S(u)du|Ft].
τ2 − τ1

The same considerations could be done for gas futures contracts,
and in the following we refer to F (t, τ1, τ2) simply as the swap
price.

Chapter 4: Risk-Neutral Forward and Swap Price Modelling: Swap Pricing
Let us introduce a weight function ŵ(u), being equal to one if
the swap is settled at the end of the delivery period, or ŵ(u) =
exp(−ru) if the contract is settled continuously over the delivery
period. Define the function
ŵ(u)
,
w(u, s, t) = R t
s ŵ(v)dv
where 0 ≤ u ≤ s ≤ t. Observe that w = 1/(t − s), when ŵ = 1,
while we have
re−ru
w(u, s, t) = −rs
,
e
− e−rt
Rt
for the case when ŵ = exp(−ru). We note that s wdu = 1.

Chapter 4: Risk-Neutral Forward and Swap Price Modelling: Swap Pricing
In general, we can write the link between a swap contract and
the underlying spot as
F (t, τ1, τ2) = EQ[

Z τ
2
τ1

w(u, τ1, τ2)S(u)du|Ft].

R
Proposition 4.1. Suppose EQ[ ττ12 |w(u, τ1, τ2)S(u)|du] < +∞. It
holds that
Z τ
2

F (t, τ1, τ2) = EQ[

τ1

w(u, τ1, τ2)f (t, u)du.

This means that holding a swap contract can be considered as
holding a (weighted) continuous stream of forwards.

Chapter 4: Risk-Neutral Probabilities and the Esscher Transform
The Esscher transform is a generalization of the Girsanov transform of Brownian motion to jump processes.
The Esscher transform is preserving the distributional properties
of the jump process in the sense of transforming the cumulant
function by a linear chanage of the argument.
Effectively, the Esscher transform yields an explicit change of
measure, where we have access to the characteristics of the
jump processes Ij also under the new risk-neutral measure.

Chapter 4: Risk-Neutral Probabilities and the Esscher Transform
It was intorduced by Esscher (1932) to study risk theory and
used by Gerber and Siu (1994) for derivatives pricing. Suppose
we have f probability density and θ is a real number. Then,
R
as long as R eθy f (y)dy < +∞, we can define a new probability
density
eθxf (x)
f (x; θ) = R θy
.
R e f (y)dy
They generalize this approach to II processes including timedependent parameters θ(t).

Chapter 4: Esscher Transform for Some Specific Models
They consider only one II process (m = 1) and consider only
constant choices of θ̃ :
1. Time Inhomogeneous Compound Poisson Process.
2. NIG & Hyperbolic Lévy Process->GH.
4. CGMY Lévy process.

Chapter 4:
Prices

Currency Conversion for Forward and Swap

Sometimes it is convenient to change the denomination of a financial contract from one currency to another. This is a relevant
problem for foreign traders in a market.
In the Nord Pool electricity market we have seen a transition
from NOK to EUR denominated contracts, and, for instance,
Swedish, Danish and Norwegian participants in this market are
exposed to currency risk since the contracts are not denominated
in their respective kroner.

Chapter 4:
Prices

Currency Conversion for Forward and Swap

There it is most convenient to denominate all contracts in a
common currency.
Our currency model is a simple one, where we assume that domestic interest rate and foreign interest rates are both constant.
Below we derive the forward exchange rate and the forward commodity price convenience rate.
Note that our focus is on currency conversion so that contracts
with prices in different currencies can be consistently converted
to a common currency.

Chapter 4:
Prices

Currency Conversion for Forward and Swap

Let Q and Q∗ denote the domestic and foreign risk-neutral probability measures, respectively. Domestic and foreign interest rates
are assumed to be constants and denoted by r and r∗, respectively. The price at time t of a domestic zero coupon bond with
maturity τ > t, denoted P (t, τ ), is defined by
P (t, τ ) = EQ[e−

Rτ
t

rds

|Ft] = e−r(τ −t).

Similarly, a foreign zero coupon bond, P ∗(t, τ ), is given by
Rτ

∗ ds
∗ (τ −t)
−
r
∗
−r
t
P (t, τ ) = EQ∗ [e
|Ft] = e
.

Chapter 4:
Prices

Currency Conversion for Forward and Swap

Let now X(t) be the spot exchange rate prevailing at time t and
measured in the ratio
units of domestic currency
.
units of f oreign currency
Denote by fF RA(t, τ ) the agreed price at time t for delivery of
one unit foreign currency at time τ. This forward contarct is
simply called a forward exchange rate or forward exchange rate
agreement (FRA).

Chapter 4:
Prices

Currency Conversion for Forward and Swap

The payoff of a long position at time τ is
X(τ ) − fF RA(t, τ ).
Under the domestic risk-neutral measure we have (assuming
EQ[X(τ )] < +∞) that
fF RA(t, τ ) = EQ[X(τ )|Ft],
since it is costless to enter the FRA.

Chapter 4:
Prices

Currency Conversion for Forward and Swap

Now we use the foreign risk-neutral measure to derive the spotforward exchange rate realtionship. From a foreign point of view
the exchange rate should be replaced by the rate
X ∗(t) =

1
,
X(t)

which is quoted in
units of
units of

f oreign currency
.
domestic currency

Chapter 4:
Prices

Currency Conversion for Forward and Swap

Let fF∗ RA(t, τ ) be the forward exchange rate agreement for delivery of X ∗(t) at time τ. Using the same line of reasonings as
above (and assuming EQ∗ [X ∗(τ )] < +∞), we have
fF∗ RA(t, τ ) = EQ∗ [X ∗(τ )|Ft].
The covered interest rate parity gives us the forward exchange
rate, fF RA(t, τ ), defined as
∗ )(τ −t)
(r−r
fF RA(t, τ ) = X(t)e
,

and, similarly,
∗
fF∗ RA(t, τ ) = X ∗(t)e(r −r)(τ −t).

Chapter 4: Pricing Forwards: The Geometric Case
Let us assume a geometric spot price model:

S(t) = Λ(t) exp(

m
X
i=1

Xi(t) +

n
X

Yj (t))

(geometric

case)

j=1

The forward price at time t ≥ 0 for contracts with settlement at
τ ≥ t is explicitly given in the following Proposition.

Chapter 4: Pricing Forwards: The Geometric Case
Proposition 4.6. Let o ≤ t ≤ τ and suppose S(t) is the geometric spot price model. Suppose that
sup |ηj (s)e−

0≤s≤τ

Rτ
s

βj (u)du

+ θ̃j (s)| ≤ cj .

Then we have that the forward price f (t, τ ) is
f (t, τ ) = Λ(t)Θ(t, τ ; θ(·))
Rτ
Pm R τ
× exp( i=1 t µi(u)e− Ru αi(v)dv du)
Rτ
Pn
− uτ βj (v)dv
du)
× exp( j=1 t δj (u)e
×

R
Pm R τ
Pn
− tτ βj (v)dv
Yj (t)),
exp( i=1 t αi(v)dv)Xi(t) + j=1 e

Chapter 4: Pricing Forwards: The Geometric Case
where Θ(t, τ ; θ(·)) is given as
R
Pn
− ·τ βj (v)dv
+ θ̃j (·)))
ln Θ(t, τ ; θ(·)) =
j=1 ψj (t, τ ; −i(ηj (·)e
− ψj (t, τ ; −iθ̃(·)))
Rτ
R
P
P
p
1
τ ( m e− u αi (v)dv )2 du
+ 2
t
i=1
k=1
R
Rτ
Pm Pp
− uτ αi (v)dv
du.
+
i=1 k=1 t σik (u)θ̂k (u)e

In the next Proposition we state the risk neutral dynamics of f.

Chapter 4: Pricing Forwards: The Geometric Case
Proposition 4.8. Suppose that
R
− tτ βj (v)dv
+ θ̃j (t)| ≤ cj ,
sup |ηj (t)e
0≤t≤τ

j = 1, 2, ..., n.

The dynamics of t → f (t, τ ) wrt Qθ is
df (t,τ )
f (t,τ )

Rτ
Pm
Pp
θ (t)
{
σ
(t)
exp(−
α
(u)du)}dB
=
i
ik
t
i=1
k
k=1
Rτ
R
Pn
− t βj (u)du
+
) − 1}Ñjθ (dt, dz).
j=1 { R exp(zηj (t)e

Chapter 4: Pricing Forwards: The Geometric Case (Samuelson Effect)
We see that the forward price dynamics becomes a geometric
model, and in the case when we do not have any jumps terms
Yi, we are back to a geometric Brownian motion with timedependent volatility
Rτ
Pp
Pm
df (t,τ )
θ (t).
{
σ
(t)
exp(−
α
(u)du)}dB
=
i
ik
t
i=1
k
k=1
f (t,τ )

Chapter 4: Pricing Forwards: The Geometric Case (Samuelson Effect)
Hence, we find that the volatilites of the forward contract are
decreasing with time to delivery, being smaller than the spot
volatility.
When time to delivery approaches zero, however, the forward
volatility converges to the volatilities of the underlying spot σik (t).
This is known as the Samuelson effect (1965) and is a direct
result of the mean-reverting spot price dynamics.

Chapter 4: Pricing Forwards: The Geometric Case (Samuelson Effect)
We observe a similar Samuelson effect when including jumps in
the spot dynamics, where so-called ’jump volatility’ is expressed
through the integrands
exp(zηj (t)e−

Rτ
t

βj (u)du

) − 1.

Suppose that ηj (t) > 0. When t → τ, the integrands are converging to exp(zηj (t)) − 1, which is identical to the corresponding
terms of the spot price dynamics.

Chapter 4: Pricing Forwards: The Geometric Case (Samuelson Effect)
However, when t < τ, we find for z ≥ 0,
0 ≤ {exp(zηj (t)e−

Rτ
t

βj (u)du

) − 1} ≤ exp(zηj (t)) − 1,

meaning that the positive jumps in the spot price dynamics are
scaled down in the forward price dynamics, and the downscaling
is exponential wrt the mean reversion.
For the negative jumps (z<0) we find
R
− tτ βj (u)du
0 ≥ {exp(zηj (t)e
) − 1} ≥ exp(zηj (t)) − 1.

Thus, also the negative jumps in the spot are scaled down in the
forward.

Chapter 4: Pricing Forwards: The Geometric Case (Samuelson Effect)
All in all, the ’jump volatility’ of the forward dynamics is a downscaling of the jump volatility of the spot, in line with the observations we made for the Brownian motion terms.
The downscaling of the jump volatility is dependent on time to
maturity. The farther away from maturity, the less influence the
jump volatility gets from the spot. The influence is ’discounted’
by the speed of mean reversion. The stronger the speed of
mean reversion, the faster jumps in the spot price are whipped
out along the term structure.

Chapter 5: Applications to the Gas markets
Chapter 5, Applications to the Gas markets, applies the spot
models and derived swap price dynamics to the UK gas market.
A simple one-factor model with both Brownian motion and jumpdriven increments are considered, a frequently used dynamics for
energy spot prices.

Chapter 5: Applications to the Gas markets:
price model

Gas spot

d ln S(t) = d ln Λ(t) + dX(t) + dY (t),
dX(t) = −αX(t)dt + σdB(t)
dY (t) = −αY (t)dt + dI(t).
This is a Schwartz model with jumps:




d ln S(t) = d ln Λ(t) − α ln S(t) − ln Λ(t) dt + σdB(t) + dI(t).
B(t) is a Brownian motion, while I(t) is a more general Lévy
process (a sum of two compound Poisson processes or a NIG
Lévy process in this chapter).

Chapter 5: Applications to the Gas markets: UK Gas spot

prices

Chapter 5: Applications to the Gas markets: UK Gas spot
prices
• 1454 quotes
• only counted workdays (250/year)
• missing data substituted by means
• outliers determined to correspond to log returns outside the
interval

(Q3 + 3 × IQR, Q1 − 3 × IQR).

Chapter 6: Modelling Forwards and Swaps using the HeathJarrow-Morton Approach
Chapter 6, Modelling Forwards and Swaps Using the HeathJarrow-Morton Approach, presents the HJM approach to the
modelling of forward and swap prices.

Chapter 6: Modelling Forwards and Swaps using the HeathJarrow-Morton Approach

1. Intro

2. The HJM Modelling Idea for Forward Contracts

3. HJM Modelling of Forwards

4. HJM Modelling of Swaps (Swap models based on forwards)

5. The Market Models (Modelling with jump processes)

Chapter 6: Intro
In the fixed income markets, instead of modelling the prices via
one- or multi-factor spot rate models, the dynamics of the forward rates are directly specified.
This approach leads to simple evaluations of bond prices through
integration in time, and known as the HJM approach (see Heath,
Jarrow and Morton (1992)).
The HJM approach has later been adopted to modelling forward
and futures prices in commodity markets, and this will be the
topic of the current Chapter 6.

Chapter 6: Intro
Most commodity markets trade in forward contracts with settlement at a fixed time. In this case the adoption of the HJM
approach is rather starightforward.
However, in electricity, gas or weather markets, the commodity
is delivered over a period, and it is no longer obvious how to
apply the HJM approach.
They describe the approach for electricity and gas contracts,
which they commonly denote as swaps.

Chapter 6: Intro
As we will see, the strightforward implementation of HJM for
swaps leads to intractable models. The alternative is to model
only those contracts which are traded.
This resembles closely what is known as swap and LIBOR models
in the interest rate markets (see Brigo and Mercurio (2001)).
These models are also known as market models.

Chapter 6: Intro
One may also generate models for swap prices by integrating the
forward price over the delivery period. However, forward prices
are not directly observed in the electricity or gas markets, which
introduces some problems with estimation.
One may derive data by smoothing the swap curve, however,
this may be a dubious path to follow since the data may depend
on the algorithm chosen.
In this Chapter 6 they concentrate on the theoretical foundation
for direct modelling of swaps and forwards.

Chapter 6: HJM Modelling of Forwards
Assume that the forward dynamics under risk-neutral probability
Q is
f (t, τ ) = f (0, τ ) exp( 0t a(s, τ )ds +
Rt
Pn
+
j=1 0 ηj (u, τ )dJj (u)),
R

Rt
Pp
k=1 0 σk (s, τ )dWk (s)

where a(s, τ ), σk (s, τ ), ηj (u, τ ) are real-valued continuous functions on [0, τ ] × [0, T ], T is an upper bound for the delivery times
in the market. Wk are independent Brownian motions and Jj are
independent II processes independent of Wk . The Poisson random measure of Jj is denoted Mj (dt, dz) with the compensator
measure νj (dz, dt).

Chapter 6: HJM Modelling of Forwards
We find the following risk-neutral dynamics of the forward price,
together with a drift condition for a(u, τ ) ensuring the martingale
property.
Proposition 6.1. Suppose for each j = 1, 2, ..., n, that the expoR R
nential integrability condition 0τ |z|≥1 exp(ηj (u, τ )z)νj (dz, du) <
∞ holds for every τ < T . Under the drift condition
Rt
Rt
Pn
Pp
1
2
0 [a(s, τ ) + 2 k=1 σ (s, τ )]ds + j=1 0 ηj (s, τ )dγj (s)
Rt R
Pn
ηj (s,τ )z − 1 − η (s, τ )z1
+
j
|z|<1 νj (dz, du)] = 0
j=1 0 R [e

Chapter 6: HJM Modelling of Forwards
The forward price f (t, τ ) has the following dynamics for τ < T
p

n
X
X
df (t, τ )
=
σk (t, τ )dWk (t) +
(eηj (t,τ )z − 1)M̃j (dt, dz),
f (t−, τ )
j=1 R
k=1

Z

where M̃ is the compensated measure M. Follows from Itô Formula.
The forward price f (t, τ ) is a martingale under the risk-neutral
measure.

Chapter 6: HJM Modelling of Swaps
The electricity and gas markets trade in forward contracts having
a delivery period, for which we here will use the common notion
swaps. The owner of a swpa contract with delivery over the time
interval [τ1, τ2] would receive a constant flow of the commodity
over this period, against a fixed payment per unit. The aim is
to derive a price dynamics for such swap contracts based on the
HJM approach.

Chapter 6: HJM Modelling of Swaps: No-Arbirgae Condition
Consider the swap price F (t, τ1, τN ) of a contract with delivery
over [τ1, τN ] and N contracts F (t, τk , τk+1) with delivery over
[τk , τk+1] for k = 1, ..., n − 1. Assume that τ1 < τ2 < ... < τN .
Then, by appealing to arbitrage arguments, we find the following
no-arbitrage relation between the swap prices,
F (t, τ1, τN ) =

NX
−1

wk F (t, τk , τk+1).

(1)

k=1

Here,
R τk+1
w(u)du
τk
wk = R τ
.
N w(u)du
τ1

Any arbitrage-free model of the swap price needs to satisfy the
condition (1), at least for those products traded in the market.

Chapter 6: HJM Modelling of Swaps
Let F (t, τ1, τ2) be the price at time t for a swap contract where
the underlying is delivered over the period [τ1, τ2]. The swap
contract is usually traded over the period of time t ∈ [0, τ1).
We introduce the natural extension of the forward dynamics to
the case of swap contracts. Suppose that the risk-neutral price
dynamics of the swap is

Rt
F (t, τ1, τ2) = F (0, τ1, τ2) exp( 0 A(s, τ1, τ2)ds
Rt
Pp
+
k=1 R 0 Σk (s, τ1 , τ2 )dWk (s)
Pn
t Υ (u, τ , τ )dJ (u)),
+
1 2
j
j=1 0 j

Chapter 6: HJM Modelling of Swaps
Proposition 6.3. Suppose for each j = 1, ..., n, that the exponential intgrability condition
Z τ Z
1
0

|z|≥1

exp[Υj (u, τ1, τ2)z]νj (dz, du) < ∞

holds for all 0 ≤ τ1 ≤ τ2 ≤ T . Under the drift condition
Rt
Rt
1 Pp
2 (s, τ )]ds + Pn
Σ
[A(s,
τ
)
+
0
j=1 0 Υj (s, τ )dγj (s)
2 k=1
Rt R
Pn
Υj (s,τ )z − 1 − Υ (s, τ )z1
+
[e
j
|z|<1 νj (dz, du)] = 0
R
0
j=1

the forward price F (t, τ1, τ2) has the following dynamics
p

n
X
X
dF (t, τ1, τ2)
=
Σk (t, τ )dWk (t)+
(eΥj (t,τ )z −1)M̃j (dt, dz),
F (t−, τ1, τ2)
j=1 R
k=1

Z

Chapter 6: The Market Models
The LIBOR (London Inter Bank Offer Rate) models in interest
rate theory form a flexible class of dynamical models for LIBOR
rates matching the implied volatility of captions or swaptions
traded in the market.
They propose a similar modelling approach for the swap price
dynamics in the energy markat, where the idea is to construct a
dynamics for the traded contracts matching with the observed
volatility term structure. Since the option markets on electricity
and gas are rather thin, we want to estimate the model on the
swap prices themselves.

Chapter 6: The Market Models
The difference from the HJM approach discussed above is that
we consider models only for the products traded in the market,
and thereby make the possible range of models much wider since
we avoid the continuous-time no-arbirage condition. We refer to
this as the market model.
When intorducing the market models, we first single out the contracts which can not be decomposed into contracts with smaller
delivery periods. For example, we single out the quarterly contracts, and do not model the yearly contract directly, but rather
as a sum of the quarterly ones. These contracts will be called
the basic contracts.

Chapter 6: The Market Models
b , τ e ]} be a sequence of delivery periods for the
Let {[τ1b , τ1e], ..., [τC
C
b . A
different basic contracts, for c = 1, 2, ..., C. Also, τce ≤ τc+1
typical example being monthly contarcts, that is, contracts with
delivery each month over the year. In this case, assuming that we
are at the beginning of the year, τcb = (c − 1)/12 and τce = c/12,
with c = 1, 2, ..., C and with time measured in years. We state the
forward dynamics for each contract under risk neutral probability,
in line with the HJM modelling approach discussed in the sections
above.

Chapter 6: The Market Models
Denote by Fc(t) := F (t, τcb, τce) for c = 1, ..., C, and assume that
the risk-neutral explicit dynamics is

Fc(t = Fc(0) exp( 0t Ac(s)ds
Rt
Pp
+
0 Σc,k (sdWk (s)
R
Pk=1
t Υ (s)dJ (s)).
n
+
j
j=1 0 c,j
R

The functions Ac, Σc,k , Υc,j are continuous real-valued on [0, τcb],
since we assume that trading of the contracts ends at the beginning of the delivery period.

Chapter 6: The Market Models
Now, we state the drift condition that ensures the swap price
dynamics to be a mrtingale.
Proposition 6.4. Assume that the exponential integrability condition for each j = 1, 2..., n
Z τb Z
c
0

|z|≥1

exp(Υc,j (t)z)νc(dz, dt) < +∞

holds. Under the drift condition
Rt
Rt
1 Pp
2 (u)du + Pn
A
(u)du
+
Σ
0 c
j=1 0 Υc,j (u)dγj (u)
2 k=1 c,k
Rt R
Pn
Υc,j (u) − 1 − Υ (u)z1
+
(e
c,j
|z|<1 )νj (dz, du) = 0
R
0
j=1
for every t ≤ τcb, the swap price Fc(t) has for t ≤ τcb the following

dynamics

Chapter 6: The Market Models

p

n
X
X
dFc(t)
(eΥc,j (t)z − 1)M̃j (dt, dz).
=
Σc,k (t)dWk (t) +
Fc(t)
j=1 R
k=1

Z

Chapter 7: Constructing Smooth Forward Curves in Electricity Markets
Chapter 7, Constructing Smooth Forward Curves in Electricity
Markets, gives an algorithm for the derivation of smooth forward
curves in electricity markets. The algorithm may be applied to
gas market as well. They demonstrate the algorithm at work on
Nord Pool electricity futures data.

Smoothed Forward Curves

Seasonality Functions

Volatility Estimates for Forward Prices

Chapter 7: Constructing Smooth Forward Curves in Electricity Markets: Summary
• The specification of Λ(u) affects the appearance of the forward
curve when the market information involves swaps with long delivery periods.
•Ignoring seasonality leads to an upward-biased volatility estimate in the long end, although using swap prices rather than
forward prices lessens this effect.
•An arithmetic model was used so that the problem was tractable
and direct comparisons could be made between using swaps and
using forwards.

Chapter 8: Modelling of the Electricity Futures Market
Chapter 8, Modelling of the Electricity Futures Markets, applies
smoothing algorithm where they empirically analyse the Nord
Pool electricity futures market using HJM-based models.

Chapter 8: Modelling of the Electricity Futures Market

1. Introduction

2. The Nord Pool Market and Financial Contracts

3. Preparing Data Sets

4. Descriptive Statistics

5. A Market Model for Electricity Futures

Chapter 8: Modelling of the Electricity Futures Market
6. Principal Component Analysis
7. Estimating a Parametric Multi-Factor market Model
8. Normalized Logreturns and Heavy Tails
9. Final Remarks

Chapter 8: Intro
In this Chapter 8 they conduct an empirical study of financial
electricity contracts traded on Nord Pool.
Empirical investigations of forward curve models in commodity markets have been done by, among others, Cortazar and
Schwartz (1994), Clewlow and Strickland (2000).

Chapter 8: Intro
Cortazar and Schwartz (1994) studied the term structure of copper futures prices using principal component analysis (PCA) and
found that three factors were able to explain 99% of the term
structure movements.
Clewlow and Strickland (2000) investigated the term structure
of NYMEX oil futures and found that three factors explained
98.4% of the total price variation in the 1998-2000 period.

Chapter 8: Intro
The first factor (explaining 91% of total variation) shifted the
whole curve in one direction. They termed this a shifting factor.
The second factor, called the tilting factor, moved the short and
long term contracts in opposite directions.
The third factor, coined the bending factor, influenced the short
and long end in opposite direction of the midrange of the term
structure.

Chapter 8: Intro
In the paper by Koekebakker and Ollmar (2005) Nord Pool data
was analysed using PCA techniques. The authors computed
smooth forward curves using the technique described in Chapter
7. Their data set consisted of fixed delivery forward contracts
(points on the forward curve) that mimicked the term structure
of actual traded electricity futures. The results from the PCA
analysis using data for the period 1995-2001 showed that the
first three factors accounted for 80% of the price variation.

Chapter 8: Intro
Only the the first two factors (shifting and bending) seem to
be common across all maturities. On order to explain more
than 98% of the variation in the empirical covariance matrix,
more than 10 factors were needed. Also, the authors reported
evidence that factors explaining a large proportion of the return
variations in the long end of the curve, seemed to have very low
explanatory power in the short end of the curve.

Chapter 8: Intro
Audet et al. (2004) suggested a simple model where each contract is driven by a Brownian motion, and the return on this
contract is correlated with other contracts along the term structure by a negative exponential function. They estimated their
model in the short end only (four closest weekly contracts).
Frestad (2007b) investigated empirically the model of Audet et
al. (2004) using contracts across the complete term structure.
The author found that the negative exponential function is too
simple to explain the correlation structure across a broader set
of contracts in this market.

Chapter 8: Intro
Frestad (2007a) futher investigated the idea of common and
unique risk factors at Nord Pool. In the proposed incomplete
market model, electricity futures price returns are driven by some
Brownian motions common to all traded contracts, together with
a unique Brownian motion to each maturity.

Chapter 8: Intro
In this Chapter 8 they perform PCA on daily Nord Pool electricity futures price data for the period 2001-2006. They prepare
data set of electricity futures prices following the lines described
in Chapter 7. Based on these data, we re-establish the results of
Koekebakker and Ollmar (2005) and Frestad (2007a) for the total market. We then take a less ambitious approach and analyse
individual market arguments. That is, weekly, monthly, quarterly
and yearly electricity futures prices are given individual treatment.

Chapter 8: The Nord Pool Market and Financial Contracts
In this section we describe relevant issues for the market structure and the data available at Nord Pool. We obtained daily
closing prices for all electricity futures contarcts traded at Nord
Pool from 2 January 2001 until 1 December 2006. The power
contracts refer to 1 MW load during every hour (base load) for
a given delivery period. The trading period stops when the contracts enter the delivery period. The size and trading period
vary considerably for the contracts available. We will give a brief
description of weekly, monthly, seasonal and yearly contracts below.

Chapter 8: The Nord Pool Market and Financial Contracts
The weekly contracts are specified with a delivery period of seven
days (168 hours). The delivery period starts Sunday at midnight
and ends midnight the following Sunday. The contracts with
delivery the following week are lasting until the preceding Friday.
Earlier, four new weekly contracts were introduced every fourth
Monday, meaning that a maximum of seven and a minimum of
four weekly contracts were traded at any given time. This has
changed. Now a new weekly contract is introduced in the long
end, as the contract in the short end enters the delivery period.

Chapter 8: The Nord Pool Market and Financial Contracts
Block contracts had four week delivery periods, but they do not
exist anymore. These contracts were not traded in the month
prior to delivery. They were broken up into separate weekly
contracts. Since these contracts had delivery periods of 28 days
(four weeks), each year was divided into 13 block contracts, 10
of which traded simultaneously.

Chapter 8: The Nord Pool Market and Financial Contracts
But 13 blocks do not exactly add up to one year (4 × 28 × 13 =
364), and therefore the December block contract had one day
longer delivery than the others (two days extra in a leap year).
Since 2003, no new block contracts have been introduced in
the market. They have been replaced by monthly contracts with
delivery periods consistent with the days in the particular months.

Chapter 8: The Nord Pool Market and Financial Contracts
The seasonal contracts have also changed. Earlier, each year
was divided into three seasons: V1-late winter (1 January-30
April), S0-summer (1 May-30 September) and V2-early winter
(1 October-31 December). The setup of three seasons has been
replaced with the more common four season system, with three
months for each season. The first quarterly contracts were listed
2 January 2004 for each quarter of the year 2006.

Chapter 8: The Nord Pool Market and Financial Contracts
Now quarterly contracts have replaced all old seasonal contracts.
There are between 8 and 11 quarterly contracts traded at any
time. A new contract is introduced in the long end as the closest
one enters the delivery period. Currently, quarterly contracts
span more than two years.

Chapter 8: The Nord Pool Market and Financial Contracts
Finally, the market trades in yearly contracts. As of 2007, yearly
contracts for the following five years are available for trading
(2008, ..., 2012). These contracts have delivery periods of
24 × 365 = 8760 hours (8784 hours in a leap year). Each year
contract is traded for five years, until it expires in late December
prior to the start of the delivery period 1 January.

Chapter 8: The Nord Pool Market and Financial Contracts
In the beginning of January each year a new yearly contract is
introduced with delivery period starting in five years. Yearly contracts were introduced in 1998. Then only three years contracts
were traded. In this Chapter 8, in data set they only use three
yearly contracts, as contract starting delivery in four and five
years have a very limited history.

Chapter 8: The Nord Pool Market and Financial Contracts
Prior to 2003 all contracts traded at Nord Pool were dominated
in NOK. It was decided to change denomination to EUR.
In 2003 all new long term contracts were listed in EUR. This
transition is now complete, and all contracts are currently denominated in EUR.

Chapter 8: Preparing Data Set
In Benth and Koekebakker (2005) closing prices of actual electricity futures prices were used when estimating their one-factor
model. This approach becomes impractical when more advanced
multi-factor models are considered. In this chapter, they follow
the approach that is standard in the literature on estimating dynamic term structure models, where yield curves are estimated
from real world fixed income assets (typically treasure bonds).

Chapter 8: The Nord Pool Market and Financial Contracts
The major advantage in working with estimated data, is that
on each day the term structure can be specified to have a fixed
delivery structure. They wish to preserve the market’s delivery
structure of each day through-out the sample period for their
data set.

Chapter 8: Preparing Data Set
This is accomplished in the following way.
1) All electricity futures prices at Nord Pool in the period 2
january 2001 until 1 December 2006 (1479 trading days) are
collected (except contracts with 24 hours delivery period). Zero
coupon bond prices in NOK and EUR are collected from Reuters.
2) During the sample period Nord Pool has made a complete
transition from contracts denominated in NOK to EUR. All electricity futures prices are converted to EUR using the formula in
Prop. 4.5.

Chapter 8: Preparing Data Set
3) We estimate a smooth curve for each day in the sample period
using the maximum smoothness approach described in Chapter
7.
4) Finally, we use the smooth forward curve to compute electricity futures prices with delivery structure specified below.

Chapter 8: Preparing Data Set
They prepare different data sets. The first four are individual
data sets for weekly, monthly, quarterly and yearly contracts,
respectively. They introduce a sequence of delivery periods for
the different contracts
b , τ e ]},
{[τ1b , τ1e], ..., [τC
C

where the following conditions apply:
i)τcb − τce = ∆,
b
ii)τc+1
= τce,

f or c = 1, 2, ..., C
c = 1, 2, ..., C.

(∆

is

a

constant)

Chapter 8: Preparing Data Set
The first condition implies that the data consist of contracts with
delivery period of equal length. The second condition implies
that the market is such that the end of the delivery period for
one contract coincides with the start of the delivery period for
the contract which is next in line along the term structure. The
condition ensures that the contracts are non-overlapping and
mimicking the real world contracts traded at Nord Pool.
For each data set we have
τcb = (c − 1)/∆

and

τce = c/∆

f or

c = 1, 2, ..., C.

Chapter 8: Preparing Data Set
The first contract starts delivery immediately. The next contract
along the term structure trades for a period ∆ until it enters the
delivery period. The third contract along the term structure
trades for 2∆, etc.

Chapter 9: Pricing and Hedging of Energy Options
Chapter 9, Pricing and Hedging of Energy Options, presents
pricing formulas for call and put options based on the various
proposed spot, forward and swap models. The option prices become generalization of the Balck-76 formula when the underlying
models are depending on Brownian motions only.

Chapter 9: Pricing and Hedging of Energy Options
• The case of no jumps-The Black-76 Formula for Option Price
• The case of Jumps (option pricing using Carr-Madan approachFourier Transform)
• Exotic Options: Spread and Asian
• Case Study: Empirical Analysis of UK Gas and Electricity
Spread

Chapter 10: Analysis of Temperature Derivatives
Chapter 10, Analysis of Temperature Derivatives, is devoted to
the market for temperature futures. They present continuoustime mean reversion models being generalizations of autoregressive moving average time series. The Chapter includes a thorough empirical analysis of Stockholm temperature data in view
of the proposed models.

Chapter 10: Analysis of Temperature Derivatives

1. Intro: Abstract

2. Some Preliminaries on Temperature Futures

3. Modelling the Dynamics of Temperature

4. Empirical Analysis of Stockholm Temperature Dynamics

5. Temperature Derivatives Pricing

Chapter 10: Some Preliminaries on Temperature Futures
In what follows, they derive expression for the dynamics of futures
prices based on a mean-reverting AR model for the temperature
evolution.
The CDD-cooling-degree day-(and analogously the HDD-heatingdegree days) over a measurement period [τ1, τ2] is defined as
Z τ
2
τ1

max(T (s) − c, 0)ds,

where T (t) is the instantaneous temperature at time t.

Chapter 10: Some Preliminaries on Temperature Futures
The CAT-cumulative average temperature-and PRIM-Pasific Rimindices over the same period are
Z τ
2
τ1

T (s)ds

and
τ2
1
T (s)ds,
τ2 − τ1 τ1

Z

respectively.

Chapter 10: Some Preliminaries on Temperature Futures
The buyer of a CDD futures contract will receive the amount
Rτ
2
τ1 max(T (s) − c, 0)ds at the end of the measurement period
[τ1, τ2]. In return, the buyer pays the CDD futures price FCDD (t, τ1, τ2)
if the contract was entered at time t ≤ τ1. The profit from this
trade is therefore
Z τ
2
τ1

max(T (s) − c, 0)ds − FCDD (t, τ1, τ2).

From arbitrage theory, the CDD futures price is given by the
eqaution
0 = e−r(τ2−t)EQ[

Z τ
2
τ1

max(T (s) − c, 0)ds − FCDD (t, τ1, τ2)|Ft],

with a constant risk-free rate of return r and a risk-neutral probability Q.

Chapter 10: Some Preliminaries on Temperature Futures
Since temperature (and therefore the CDD index) is not tradeable, any probability Q being equivalent to the objective probability P is a risk-neutral probability. Later, they shall specify a
subclass of such probabilities via the Girsanov transform. The
CDD futures price is adapted, and thus we derive it as the conditional risk-neutral expected payment from the CDD index
FCDD (t, τ1, τ2) = EQ[

Z τ
2
τ1

max(T (s) − c, 0)ds|Ft].

Chapter 10: Some Preliminaries on Temperature Futures
Analogously, we find that
FHDD (t, τ1, τ2) = EQ[

Z τ
2
τ1

max(T (s) − c)ds|Ft].

Similar derivations lead to the CAD and PRIM futures prices
being

FCAT (t, τ1, τ2) = EQ[

Z τ
2
τ1

T (s)ds|Ft].

and
τ2
1
FCAT (t, τ1, τ2) = EQ[
T (s)ds|Ft].
τ2 − τ1 τ1

Z

Chapter 10: Some Preliminaries on Temperature Futures
We have the following useful CDD-HDD parity.
Proposition 10.1 The CDD and HDD futures prices are linked
by the relation
FHDD (t, τ1, τ2) = c(τ1 − τ2) − FCAT (t, τ1, τ2) + FCDD (t, τ1, τ2)
Proof. The result follows from
max(c − x, 0) = c − x + max(x − c, 0).

Chapter 10: Some Preliminaries on Temperature Futures
The Frost Day index over a measurement period [τ1, τ2] is
τ2
X

F D(t).

t=τ1

Using the same procedure as above, we may derive the Frost
Day index futures price as
FF DI (t, τ1, τ2) = EQ[

τ2
X
s=τ1

F D(s)|Ft].

Chapter 10: Some Preliminaries on Temperature Futures
There exist several methodologies to assess derivatives prices on
different temperature indices.
They refer to Geman (1999), Geman and Leonardi (2005), Jewson and Brix (2005) for detailed accounts on some established
methods (including theirs).
Davis (2001) proposed an approach based on marginal utility to
price options on CDDs and HDDs, whereas Platen and West
(2005) suggest an equilibrium method based on a world index
for temperature derivatives valuation.

Chapter 10: Modelling the Dynamics of Temperature
They present here a class of stochastic processes generalizing the
multi-factor OU models which were presented in Chapter 3. The
class of models is called continuus AR (CAR) processes, since
they are AR stochastic processes in continuous time. The CAR
model is a subclass of the more general CARMA (continuous autoregressive moving-average) models introduced and studied by
Brockwell and Marquardt (2005). Such models are particularly
suitable to capture the evolution of temperature through time.
They extend the models to allow for seasonality in the residual
variance.

Chapter 10: Modelling the Dynamics of Temperature: The
CAR(p) Model with Seasonality
Let X(t) be a stochastic process in Rp for p ≥ 1 defined by the
vectorial OU stochastic process
dX(t) = AX(t)dt + ep(t)σ(t)dB(t),
where ep(t) is the pth unit vector in Rp, σ(t) is the volatility of
the temperature dynamics.

Chapter 10: Modelling the Dynamics of Temperature: The
CAR(p) Model with Seasonality
Further, we denote by A the p × p matrix:


0

 0



.
A=

.


 0

−αp

1
0
.
.
0
− αp−1

0 ... 0
1 ... 0
... .
. ... .
0 ... 1
− αp−2 ... −α1,

where αk , k = 1, ..., p are positive constants.












Chapter 10: Modelling the Dynamics of Temperature
They assume further that the seasonal function Λ(t) : [0, T ] → R
is bounded and continuously differentiable. We introduce the
follwoing CAR(p) model for the temperature dynamics
T (t) = Λ(t) + X1(t),
where Xq is the qth coordinate of the vector X.

Chapter 10: Modelling the Dynamics of Temperature (sec.
10.2)
Lemma 10.1 The stochastic process X(t) has the explicit form

X(s) = exp(A(s − t))x +
for s ≥ t ≥ 0 and X(t) = x

Z s

t
∈ Rp .

exp(A(s − u))epσ(u)dB(u),

Chapter 10: Modelling the Dynamics of Temperature
Using Girsanov Theorem with
B θ (t) = B(t) −

Z t
0

θ(u)du,

the dynamics of X(t) under Qθ becomes
dX(t) = (AX(t) + epσ(t)θ(t))dt + ep(t)σ(t)dB θ (t).

Chapter 10: Modelling the Dynamics of Temperature
The application of the multidimensional Ito Formula gives the
following dynamics for X(t) under Qθ :
Rs
X(s) = exp(A(s − t))x + t exp(A(s − u))epσ(u)θ(u)du
Rs
+ t exp(A(s − u))epσ(u)dB θ (u).

In the empirical studies of temperature data they use the dynamics of T (t) under the market measure P as the model, while
the risk-neutral version of the above formula is the appropriate
model when analysing futures prices and options on these.

Chapter 10: Modelling the Dynamics of Temperature: A
Link to Time Series
Consider the special case p = 1, where the matrix A simply
becomes the constant −α1. The dynamics of X(t) = X1(t) is
then
dX1(t) = −α1X1(t) + σ(t)dB(t).
It is known that this process in discrete-time corresponds to an
AR(1) process.

Chapter 10: Modelling the Dynamics of Temperature
Consider now a general CAR(p) process X(t) and AR(p) process.
First, we have for q = 1, 2, ..., p − 1, that
dXq (t) = Xq+1(t)dt
and
dXp(t) = −

p
X
q=1

αp−q+1Xq (t)dt + σ(t)dB(t).

Chapter 10: Modelling the Dynamics of Temperature
An Euler approximation of the SDE with time step one, leads to
a time series xp(t), t = 0, 1, ... of the following form
xp(t + 1) − xp(t) = −

p
X

αp−q+1Xq (t)dt + σ(t)(t)

q=1

and
xq (t + r) − xq (t + r − 1) = xq+1(t + r − 1)
for q = 1, 2, ..., p − 1 and r ≥ 1.

Chapter 10: Modelling the Dynamics of Temperature
Example 10.1. AR(2) model. Let p = 2. Then we have
x1(t + 2) = (2 − α1)x1(t + 1) + (α1 − α2 − 1)x1(t) + σ(t)(t).
Example 10.1. AR(3) model. Let p = 3. Then we have
x1(t + 3) = (3 − α1)x1(t + 2) + (2α1 − α2 − 3)x1(t + 1)
+ (α2 + 1 − α1 − α3)x1(t) + σ(t)(t).
The utilization the explicit connection between AR(3) and CAR(3)
models is used when analysing temperature derivatives for Stockholm.

Chapter 10: Modelling the Dynamics of Temperature
In the process of eliminating the parameters of the model, their
eliminate step by step the different model component from the
data:
1) detrend and deseasonalize the observed time series (p = 1, 2);
2) residuals obtained after eliminating the AR(p) process are not
uncorrelated and far from being normal;
3) after the effect of estimated daily seasonal variance is removed
from the data, the residuals become more much closer to normal
and are slightly correlated. The choice of p = 3 gives a much
better fit than p = 1. We now present the finding from the
empirical analysis.

Conclusion
This is a nice book from mathematical point of view: first application of IIPs.
This is also nice book from practical point of view: contains
many applications to electricity, gas and temperature markets.

Source for More Detailed Review (Chapter-by-Chapter)
Mathematical and Computational Finance Lab’s ’Lunch at the
Lab’ finance seminar webpage:
http://finance.math.ucalgary.ca/lunch.html

The End
Thanks to Scott Dalton and PRMIA Calgary for Invitation and
Organising this Talk!
Thanks Audience for Coming, for Your Time and Attention!

